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Abstract: Abelian T-duality in Gauged Linear Sigma Models (GLSM) forms the basis of
the physical understanding of Mirror Symmetry as presented by Hori and Vafa. We consider
an alternative formulation of Abelian T-duality on GLSM’s as a gauging of a global U(1)
symmetry with the addition of appropriate Lagrange multipliers. For GLSMs with Abelian
gauge groups and without superpotential we reproduce the dual models introduced by Hori
and Vafa. We extend the construction to formulate non-Abelian T-duality on GLSMs with
global non-Abelian symmetries. The equations of motion that lead to the dual model are
obtained for a general group, they depend in general on semi-chiral superfields; for cases
such as SU(2) they depend on twisted chiral superfields. We solve the equations of motion
for an SU(2) gauged group with a choice of a particular Lie algebra direction of the vector
superfield. This direction covers a non-Abelian sector that can be described by a family of
Abelian dualities. The dual model Lagrangian depends on twisted chiral superfields and a
twisted superpotential is generated. We explore some non-perturbative aspects by making
an Ansatz for the instanton corrections in the dual theories. We verify that the effective
potential for the U(1) field strength in a fixed configuration on the original theory matches
the one of the dual theory. Imposing restrictions on the vector superfield, more general
non-Abelian dual models are obtained. We analyze the dual models via the geometry of
their susy vacua.
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1 Introduction
String theory is arguably the field of physics that has stimulated the most work in various
fields of mathematics. One of the most prolific example is mirror symmetry. From the
physical point view, mirror symmetry is an example of the power of symmetries and dualities
in string theory. Indeed, the deepest physical explanations for mirror symmetry are rooted
in the idea of duality, more specifically, T-duality. One of the first suggestions that mirror
symmetry can be understood in the language of T-duality was put forward in [1]; the
insightful work of Strominger, Yau and Zaslow further developed this idea in a particular
context [2]. The state-of-the-art description of mirror symmetry presented in [3, 4] ties
together many works around the concept of T-duality, including non-perturbative effects.
A practical way to understand T-duality is to consider a system with a global U(1)
symmetry, promotes this symmetry to a local symmetry by introducing a gauge field and a
Lagrange multiplier enforcing flatness of the corresponding connection. Then, the T-dual
models are obtained as the result of integration in different orders [5]. A similar proposal was
put forward for the case of non-Abelian T-duality [6]. There has recently been a revival in
implementations of non-Abelian T-duality (NATD) in the context of supergravity solutions
fueled by an understanding of its implementation in the RR sector [7, 8]. NATD has been
widely applied as a solution generating technique for some supergravity backgrounds and
has provided many new examples of pairs in the context of the AdS/CFT correspondence
(see [9, 10] and references therein). Given the mounting evidence in favor of NATD as a
symmetry of supergravity with RR fields, and indirectly of a class of non-linear sigma models
in string theory, it is natural to explore the possibility that NATD could be implemented
at the level of 2D gauged linear sigma models (GLSM). Indeed, there is a well-established
connection between GLSM and NLSM in the context of string theory.
In this manuscript we study NATD in GLSM. We have various motivations in mind.
For example, we hope that further understanding of NATD in GLSM could lead to a
clarification of mirror symmetry in more general Calabi-Yau varieties [11, 12], specially
in determinantal varieties [13, 14]. Here we work on the implementation of non-Abelian
T-duality, planning the future exploration of the precise connections to mirror symmetry.
We follow the standard definition of T-duality stated above and implement it for a class
of GLSM with a non-Abelian global symmetry. The process is carried out by taking a
non-Abelian global symmetry in a gauge theory and gauging it by the introduction of an
extra non-Abelian gauge field. Then a Lagrange multiplier term is added (as in the original
formulation of the duality) to enforce flatness of the corresponding connection. Eliminating
the Lagrange multiplier or the gauged field leads to the original or the dual model depending
on which field is integrated out first. We illustrate this procedure first in the case of a scalar
field minimally coupled to a gauge field. Later we study several examples of Abelian T-
duality in GLSMs. The main idea consists on integrate the vector superfield obtaining a
set of equations of motion to express the original coordinates, chiral superfields, in terms of
the dual coordinates, which are twisted chiral superfields. This dualization method has the
advantage with respect to the method of Hori and Vafa [3] that allows a straightforward
generalization to non-Abelian symmetries.
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Then we formulate non-Abelian T-duality for a GLSM U(1) theory with a generic
global symmetry acting on chiral superfields. We gauge the symmetry by introducing a
vector superfield and add a Lagrangian term with an un-constrained superfield as Lagrange
multiplier. Integrating the vector superfield one arrives to a set of equations of motion
leading to the dual theory. The dual superfields satisfy a semichiral condition, but in
special cases such as SU(2) it reduces to a twisted chiral condition. To explore the duality
further we consider as a model a GLSM with two equally charged chiral superfields, with
a global SU(2) symmetry. We study the model in detail, dualizing the SU(2) symmetry,
to obtain the dual Kähler potential and the twisted superpotential. First we focus on a
family of Abelian dualities along an SU(2) vector superfield direction which turns out to
be more general because the dual theories describe a non-Abelian set of the SU(2) vector
superfield. Then we consider a restricted vector superfield that leads to a fully non-Abelian
dual model.
A crucial ingredient that was missing in the original attempts to cast mirror symme-
try as T-duality was the inclusion of nonperturbative effects such as instantons; this was
addressed systematically in the work of Hori and Vafa [3]. Motivated by this approach we
also take some steps in this direction and include corrections to the twisted superpoten-
tial and demonstrate that it satisfies some of the expected properties as that it leads to
coinciding twisted effective superpotentials for the gauge field strength in the original and
the dual model. In addition, by dualizing an Abelian direction in SU(2) and considering
the instanton twisted superpotential one obtains the same theory as the one obtained via
a U(1) dualization.
The manuscript is organized a follows: In Section 2 we start reviewing supersymmetric
gauge theories in 2D with (2,2) supersymmetry. In Section 3 we present Abelian T-Duality
in GLSMs. In 3.1 we show an example of gauging a global symmetry in a gauge theory,
which is given by two scalars fields minimally coupled to a U(1) gauge field. In 3.2 we
present a (2,2) 2D gauged linear sigma model with two chiral superfields. In subsection
3.3 we describe Abelian T-duality in the mentioned GLSM by first dualizing a theory with
a single U(1) along the phase of one chiral superfield. Then we consider the case of a
single U(1) gauge group and multiple chiral superfields, together with all the superfields
dualizations. We finish the Section by considering Abelian T-duality of a theory with
multiple U(1)s and multiple chiral superfields. We demonstrate in subsection 3.5 that our
approach leads to the same dual model as in the case of Hori and Vafa [3] . In subsection 4.1
we formulate non-Abelian T-duality for GLSM with a U(1) gauge symmetry and a generic
global symmetry group, obtaining the equations of motion that lead to the dual model. We
discuss the generalities of the dual model obtained by dualizing an SU(2) symmetry in a
U(1) gauge theory with two equally charged chiral superfields. Subsection 4.3 focuses on
a particular case of dualization along a single SU(2) generator; the following subsection
4.4 investigates a dualization along a generic Abelian direction inside of the SU(2) group.
Section 5 considers a more general dualization for a selection of the vector superfield, which
is a truly non-Abelian direction. Moreover, we analyze the vacuum manifold of the dual
theory without instantons, which has the same geometry as the vacuum for a family of
Abelian symmetries. Section 6 compares the mirror symmetric theory obtained by dualizing
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via Abelian T-duality in the scheme of Hori-Vafa [3] with our Abelian dualization, which
leads to the same results. In Section 6 as well we compare the dual theories of a family
of Abelian dualities inside of SU(2) with the one of a single U(1) dualization, finding a
perfect match. We present our conclusions and point to a number of interesting follow up
directions and open problems in Section 7. Finally, in a series of Appendices A to F we
present supporting calculations and adress some technical questions.
2 (2, 2) Supersymmetric gauge theory in 2 dimensions
In this Section we recall some aspects of superfield representations in 2D which are well
understood from the 4D point of view; our goal is to set up the notation and describe the
basic fields which are the content of the GLSMs. The treatment of this Section follows
closely the monograph “Superspace or One Thousand and One Lessons in Supersymmetry"
[15] and Witten’s work on GLSMs [16], to which the reader is referred for more details.
Along the Section we will describe chiral, twisted chiral and vector superfields, and also
twisted chiral field strengths.
Let us consider the dimensional reduction of a 4D N = 1 supersymmetric gauge theory
to 2D, this theory is supersymmetric with 2 supersymmetries: N = 2. In one way of
realizing the dimensional reduction denoted (2, 2) there are two left Q−, Q¯− and two right
Q+, Q¯+ supersymmetry generators in 2D [16], coming from the 4 SUSY generators in 4D. In
another way one has only two right supersymmetries, denoted (0, 2). Here only the operators
Q+, Q¯+ generate the 2D SUSY [16], this case will not be considered in the present work.
We employ the N = 1 4D superfield language to describe (anti-)chiral, twisted (anti-)chiral
and vector superfields. Twisted chiral superfields arise in the supersymmetric theory in 2D.
In the context of non-linear sigma models there are as well semi-chiral superfields, which
constitute representations of (2,2) SUSY [17, 18]. In this manuscript we are interested on
the class of GLSMs considered by Hori-Vafa in [3] where the representations of the original
theory are given by chiral superfields. However in our description of non-Abelian T-dualities
we will encounter semi-chiral conditions for superfields (see Section 5).
Let us write the supersymmetric covariant derivatives in 2D as1
D¯± = − ∂
∂θ¯±
+ iθ±(∂0 ∓ ∂3), D± = ∂
∂θ±
− iθ¯±(∂0 ∓ ∂3). (2.1)
They will also be denoted as D¯α˙ and Dα, with indices α˙ = +,− and α = +,−. The
superspace coordinates are denoted as (xµ, θα, θ¯α˙), where the 2D space-time is given by
x0, x3, and the extra coordinates are x1, x2. The covariant derivates (2.1) are relevant
in the restrictions on a generic superfield that lead to the susy representations. In the
expressions only the 2D coordinates x0 and x3 are relevant in the dimensional reduction
from 4D, because the fields are considered as independent of x1, x2. The chiral (Φ) and
anti-chiral (Φ¯) superfields are defined as:
D¯+Φ = D¯−Φ = 0, D+Φ¯ = D−Φ¯ = 0. (2.2)
1They come from dimensional reduction of the 4d covariant derivatives D¯α˙ = − ∂∂θ¯α˙ − iθασµαα˙∂µ and
Dα =
∂
∂θα
+ iθ¯α˙σµαα˙∂µ [16].
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Let us also define twisted chiral (Ψ) and twisted anti-chiral (Ψ¯) superfields as:
D¯+Ψ = D−Ψ = 0, D+Ψ¯ = D¯−Ψ¯ = 0. (2.3)
These are supersymmetric representations that only occur in 2 dimensions.
A non-Abelian transformation for a chiral superfield Φ in the fundamental representa-
tion of a non-Abelian group is given by:
Φ′ = eiΛΦ, Λ = ΛATA, D¯α˙Λ = 0, (2.4)
where Λ generates the transformation and TA are the generators of the group. The trans-
formation parameters ΛA depend in general on superspace coordinates and Λ takes values
in the Lie algebra of the group spanned by the generators TA’s. The last condition in (2.4)
on Λ makes it a chiral superfield and ensures that the transformed field Φ′ is also chiral.
Correspondingly, an antichiral superfield Φ¯ transforms as
Φ¯′ = Φ¯e−iΛ¯, Λ¯ = Λ¯ATA, DαΛ¯ = 0, (2.5)
where Λ¯ represents an anti-chiral superfield depending on superspace coordinates. For local
transformations, where Λ(x) depends on xµ, one has that Λ 6= Λ¯ and a gauge field is
introduced to make the action covariant. More precisely, the theory has a multiplet of real,
Lie algebra valued, scalar superfields V = V ATA transforming under gauge transformations
Λ and Λ¯ as
eV
′
= eiΛ¯eV e−iΛ. (2.6)
From the transformations (2.4) (2.5) and (2.6) one sees that the term in the action
∫
dθ4Φ¯eV Φ
is covariant.
There are covariant derivatives with respect to Λ transformations (gauge chiral rep-
resentation) and with respect to Λ¯ transformations (gauge antichiral representation). A
set of derivatives covariant with respect to Λ transformations is given by D¯α˙ = D¯α˙ and
Dα = e−VDαeV . A set of covariant derivatives with respect to Λ¯ transformations is given
by D¯′α˙ = eV D¯α˙e−V and D′α = Dα. These two sets of covariant derivatives allow us to define
a 2D gauge invariant field strength, as a twisted chiral superfield, as follows:
Σ =
1
2
{D¯+,D−}, D+Σ = D¯−Σ = 0, (2.7)
where Dα and D¯α˙ are the gauge covariant derivatives. The gauge transformation of the
field strength is given by Σ→ eiΛΣe−iΛ. Analogously, one can construct the field strength
Σ¯ = 12{D¯′−,D′+} which is a Λ¯ covariant twisted antichiral superfield. One can write
Σ =
1
2
D¯+(e
−VD−eV ), (2.8)
=
1
2
(D¯+e
−VD−eV + e−V D¯+D−eV ).
The hermitian conjugate of the field strength Σ is given by
Σ¯ =
1
2
{D¯′−,D′+} =
1
2
D+(e
V D¯−e−V ) =
1
2
(D+e
V D¯−e−V + eVD+D¯−e−V ), (2.9)
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and has gauge transformation Σ¯ → eiΛ¯Σ¯e−iΛ¯. For an Abelian gauge group one gets the
following expression
Σ0 =
1
2
D¯+D−V0, (2.10)
and Σ¯0 = 12D¯−D+V0. We denote this field strength with subindex 0 because it represents
the original U(1) gauge group of the GLSM, while V and Σ denote the gauged global
symmetry.
We finish this Section by presenting the expansions of twisted (anti-) chiral superfields
and twisted field strengths of an Abelian vector field V0 up to total derivatives. They are
given by [19]
Xi = xi +
√
2θ+χ¯+ +
√
2θ¯−χ− + 2θ+θ¯−Gi + ..., (2.11)
X¯i = x¯i +
√
2χ+θ¯
+ +
√
2χ¯−θ− + 2θ−θ¯+G¯i + ...,
Σ0 = σ0 + i
√
2θ+λ¯+ − i
√
2θ¯−λ− + 2θ+θ¯−(D − iv03) + ...,
Σ¯0 = σ¯0 − i
√
2λ+θ¯
+ + i
√
2λ¯−θ− + 2θ−θ¯+(D + iv03) + ...
The ellipsis represents derivatives of fields contributing to the kinetic terms of the La-
grangian. Looking at the twisted chiral superfields expansions: xi is an scalar field, (χ¯+, χ−)
are spin 12 fermions and Gi are auxiliary fields. All the components fields depend on the
space-time coordinates x0, x3. In the field strength expansion one has the scalar σ0, the
spin 12 fermions (λ¯+, λ−), the auxiliary field D, and the 2D gauge field strength v03. In
Appendix E we collect useful formulas for the superfield calculations performed in the work,
in particular we give the conventions for integration in superspace.
3 Abelian T-Duality in GLSMs
In this Section we formulate Abelian T-duality in gauged linear sigma models as a gauging
of a global Abelian symmetry. First, in the bosonic context, we highlight the differences
of this approach with the more traditional T-duality in GLSM explained in detail in [4].
We present the approach of gauging a global symmetry in a theory which already has local
symmetries. We then consider the case of a GLSM with two chiral fields, a U(1) gauge
group, and a global U(1) symmetry. Then we describe the dualization of all Abelian global
symmetries for a GLSM with a U(1) gauge symmetry and n chiral superfields Φi of charge
Qi. Next, we describe the dualization procedure for a theory withm U(1) gauge fields along
the phase of n chiral superfields. This method applies for more general cases some of which
we consider in the following Sections, as the dualization of non-Abelian global symmetries
in GLSMs.
3.1 Dualization of a gauge theory with global symmetries
In this Section we describe the T-dualization of a theory with two scalar fields coupled to a
gauge field with minimal coupling, which possesses an U(1) global symmetry. This example
serves to illustrate the procedure of describing T-duality as a gauging of a global symmetry
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in a gauge theory. The global symmetry U(1) acts as a translation on the scalar fields. The
dualization of a scalar field minimally coupled to a gauge field is discussed in [3] via another
procedure, which consists of constructing a Lagrangian that after integration of certain of
its coordinates gives the original or the dual model. Our goal in this Section is to show
that the dualization of a gauge theory can be realized by gauging the global symmetry and
adding a Lagrange multiplier term; this approach follows the prescription of de la Ossa and
Quevedo [6].
Consider the theory of two scalar fields, φ1 and φ2, minimally coupled to a U(1) gauge
field Aµ. This theory has the Lagrangian
L0 = −ρ2(∂µφ1 +Q1Aµ)2 − ρ2(∂µφ2 +Q2Aµ)2, (3.1)
with Q1 and Q2 the charges under the U(1) gauge symmetry. The theory has gauge
symmetry given by the transformations φ1,2 → φ1 + Q1,2Λ, Aµ → Aµ − ∂µΛ, with local
parameter Λ. There is as well a global symmetry acting as translations on φ1 and φ2 which
can be parametrized as φ1 → φ1 + Q˜1Λ˜, φ2 → φ2. This symmetry can be gauged by making
the parameter Λ˜ dependent on space-time coordinates. Thus a gauge field A˜µ needs to be
added. Under this scheme one can construct the Lagrangian
L1 = −ρ2(∂µφ1 +Q1Aµ + Q˜1A˜µ)2 − ρ2(∂µφ2 +Q2Aµ)2 + ψF˜µνµν . (3.2)
Integrating the Lagrange multiplier field ψ, i.e., imposing its equation of motion (e.o.m.) one
obtains the pure gauge restriction F˜µνµν = 0, which applied on (3.2) leads to the original
model (3.1). Instead, taking a variation of (3.2) with respect to A˜µ, that is, considering the
equation of motion for A˜µ, we obtain:
∂µφ1 +Q1A
µ + Q˜1A˜
µ = − 1
ρ2Q˜1
∂νψ
νµ, (3.3)
which upon substitution in (3.2) it leads to the dual Lagrangian:
Ldual =
D − 1
ρ2
(
2
Q˜1
− 1
)
(∂µψ)
2 − Q1
Q˜1
ψµνFµν (3.4)
− ρ2(∂µφ2 +Q2Aµ)2.
D represents the space-time dimension. By making the redefinition ψ → 2ψ/Q˜1 and fixing
Q˜1 vs. D to ensure (D − 1)
(
2
Q˜1
− 1
)
= −14 , one gets the normalization obtained by
Hori-Vafa in their duality procedure [3]:
L′dual = −
1
4ρ2
(∂µψ)
2 −Q1ψµν 1
2
Fµν − ρ2(∂µφ2 +Q2Aµ)2. (3.5)
This simple example shows that T-dualities can be described in gauge theories, as a gauging
of remnant global symmetries. This procedure is equivalent to taking as a starting point a
more general Lagrangian that encodes the model and the dual model [3]. It is important,
however, to notice that in this case one requires the existence of an extra scalar field which
we call spectator (because it is not charged under the gauged global symmetry) to allow for
an extra global Abelian symmetry that can be gauged. We will encounter similar situations
in more general cases.
– 7 –
3.2 Supersymmetric GLSM
Here we describe 2D (2,2) supersymmetric GLSM’s with a single U(1) and multiple chiral
superfields. We give the Lagrangian containing the kinetic terms and gauge interactions,
without a superpotential. Also we describe the twisted superpotential with its instanton
corrections. This theory is the starting point for most of the dualities that will be studied
in this work.
The Lagrangian of a 2D (2,2) GLSM with gauge group U(1) and n chiral superfields
Φi with charges Qi can be written as [3]
L0 =
∫
d4θ
(
n∑
i=1
Φ¯ie
2QiV0Φi − 1
2e2
Σ¯0Σ0
)
− 1
2
∫
d2θ˜tΣ0 + c.c., (3.6)
where t = r−iθ, with r the Fayet-Iliopoulos (FI) parameter and θ the theta angle; e denotes
the U(1) gauge coupling. The classical theory is invariant under vector(V) times axial-
vector(A) R-symmetries U(1)V × U(1)A, where Σ has charge (0, 2). The chiral superfields
transform under the vector times axial-vector R-symmetries, the U(1)V transformation is
given by Φ(x, θ±, θ¯±)→ eiαqiV Φ(x, e−iαθ±, eiαθ¯±), and the U(1)A is given by Φ(x, θ±, θ¯±)→
eiαq
i
AΦ(x, e∓iαθ±, e±iαθ¯±), with qV and qA charges with respect to the vector and axial-
vector symmetries. The U(1)A symmetry has a chiral anomaly which is canceled for the
charge relation:
∑
iQi = 0. As we are considering simple examples meant as building
blocks for more realistic cases we do not impose that condition.
In addition, the theory (3.6) has other global symmetries, which are at least (N − 1)
U(1) symmetries, those are the phase rotations of the N chiral superfields modulo U(1)
gauge transformations. Each charged chiral superfield Φi can be dualized using the phase
rotation symmetry. This gives rise to Abelian T-duality.
Considering one-loop effects, one can obtain an effective superpotential for the vector
field Σ0 with a fix configuration [16]. This is done by computing corrections to the vacuum
expectation value of the D term. The effect can be interpreted as an effective value for
the FI term depending on the scalar component of Σ0, which is σ. The effective twisted
superpotential reads [3, 16]
Weff (Σ0) =
∑
i
−Σ0Qi
(
ln
(
QiΣ0
µ
)
− 1
)
− tΣ0. (3.7)
This effective superpotential will serve for comparison with the one obtained for Σ0 in the
T-dual model.
3.3 Abelian T-duality
Here we describe the T-Duality of a 2D supersymmetric (2,2) GLSM with Abelian gauge
group U(1) and two chiral superfields with charges Q1 and Q2.2 This system has one
global U(1) symmetry realized as the phase rotations of Φ1 and Φ2 modulo the U(1) gauge
transformations. On the target space parametrized by the scalar components of Φ1,2 it
2They could be chosen to satisfy the anomaly cancellation condition Q1 +Q2 = 0.
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constitutes a system with one cyclical coordinate. The procedure we perform in this Section
is equivalent to the one presented in [3], but consists of gauging the global symmetry in the
Lagrangian and adding a Lagrange multiplier in the scheme presented in [20].
Let us fix the gauge to remove the phase transformation of Φ2 and then implement the
T-Duality by gauging the phase rotation of the field Φ1. Namely under the Abelian global
symmetry with parameter α the fields transform as
Φ1 → eiαΦ1, Φ2 → Φ2. (3.8)
We promote the global symmetry to a local one by introducing a vector superfield V and
the Lagrange multipliers superfields Ψ and Ψ¯ [21]. The Lagrangian reads
L1 =
∫
d4θ
(
Φ¯1e
2Q0V0+2QV Φ1 + Φ¯2e
2Q0,2V0Φ2 + ΨΣ + Ψ¯Σ¯− 1
2e2
Σ¯0Σ0
)
(3.9)
− 1
2
∫
d2θ˜tΣ0 + c.c.,
where V0 and Σ0 = 12D¯+D−V0 are the vector superfield and field strength of the U(1) gauge
symmetry, while V and Σ = 12D¯+D−V are the vector superfield and field strength of the
gauged symmetry. We have gauged the global U(1) symmetry via the vector superfield V
and the use of the unconstrainted superfields Ψ and Ψ¯ which constitute Lagrange multi-
pliers. Integrating the last two one gets the condition Σ = 0, which is a pure gauge field,
leading to the original GLSM of two chiral superfields coupled to a U(1) vector superfield
V0. The equation of motion obtained by varying the action w.r.t to V , δSδV = 0, is given by
Φ¯1e
2Q0V0+2QV Φ1 =
Λ + Λ¯
2Q
, (3.10)
with Λ = 12D¯+D−Ψ and Λ¯ =
1
2D¯−D+Ψ¯. The definition determines Λ and Λ¯ as twisted
chiral and anti-twisted chiral superfields. From (3.10) one can write
V =
1
2Q
ln
Λ + Λ¯
2Q
− 1
2Q
ln Φ¯e2Q0V0Φ. (3.11)
Plugging the expression for V into (3.9), the Lagrangian can be written as
L1 =
∫
d4θ
(
−Λ + Λ¯
2Q
ln
(
Λ + Λ¯
2Q
)
− Λ + Λ¯
2Q
ln(Φ¯1e
2Q0V0Φ1) + Φ¯2e
2Q0,2V0Φ2 − 1
2e2
Σ¯0Σ0
)
− 1
2
∫
d2θ˜tΣ0 + c.c. (3.12)
Let us work out the second term in the previous equation (3.12), it reads
−
∫
d4θ
Λ + Λ¯
2Q
(2Q0V0) = −
∫
d4θ
Q0
Q
(ΛV0)−
∫
d4θ
Q0
Q
(Λ¯V0) (3.13)
=
Q0
2Q
∫
dθ+dθ¯−Σ0Λ +
Q0
2Q
∫
dθ¯+dθ−Σ¯0Λ¯.
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This gives the dual Lagrangian
L1 =
∫
d4θ
(
−Λ + Λ¯
2Q
ln
(
Λ + Λ¯
2Q
)
− Λ + Λ¯
2Q
ln(Φ¯1Φ1) + Φ¯2e
2Q0,2V0Φ2 − 1
2e2
Σ¯0Σ0
)
+
1
2
(∫
d2θ˜(ΛQ0/Q− t)Σ0 +
∫
d2 ˜¯θ(Λ¯Q0/Q− t¯)Σ¯0
)
. (3.14)
The second term in (3.14) has an extra piece with respect to the one obtained in equation
(3.16) of [3]. However, this extra piece vanishes due to the following property:∫
d4θ
Λ
2Q
ln(Φ¯1Φ1) =
1
4
∫
dθ+dθ¯−
Λ
2Q
D¯+D− ln(Φ¯1Φ1) = 0, (3.15)
which is fulfilled as a result of D+Φ¯1 = 0 and D−Φ¯1 = 0. Similarly the Λ¯ term vanishes.
The final dual Lagrangian can be written as
L1 =
∫
d4θ
(
−Λ + Λ¯
2Q
ln
(
Λ + Λ¯
2Q
)
+ Φ¯2e
2Q0,2V0Φ2 − 1
2e2
Σ¯0Σ0
)
(3.16)
+
1
2
(∫
d2θ˜(ΛQ0/Q− t)Σ0 +
∫
d2 ˜¯θ(Λ¯Q0/Q− t¯)Σ¯0
)
.
For Q = 1 it reproduces the dual Lagrangian obtained with the Hori-Vafa procedure, see
3.1 of [3]:
L1 =
∫
d4θ
(
−1
2
(Λ + Λ¯) ln
(
Λ + Λ¯
2
)
+ Φ¯2e
2Q0,2V0Φ2 − 1
2e2
Σ¯0Σ0
)
(3.17)
+
1
2
(∫
d2θ˜(ΛQ0 − t)Σ0 +
∫
d2 ˜¯θ(Λ¯Q0 − t¯)Σ¯0
)
.
There is, however, a difference: the presence of the spectator chiral superfield Φ2. From
this Lagrangian and using the expansions of the superfields in (2.11), one can compute
explicitly the scalar potential, whose components are given below
1
2
(∫
d2θ˜(ΛQ0 − t)Σ¯0 +
∫
d2 ˜¯θ(Λ¯Q0 − t¯)Σ0
)
=
= (Q0y − t)(D − iv03) + σ0G+ (Q0y¯ − t¯)(D + iv03) + σ¯0G¯
− 1
2e2
∫
d4θΣ¯0Σ0 =
1
2e2
(D − iv03)(D + iv03) = 1
2e2
(D2 + v203),
− 1
2
∫
d4θ(Λ + Λ¯) ln
(
Λ + Λ¯
2
)
= Kij¯GiG¯j¯ ,∫
d4θ Φ¯2e
2Q0,2V0Φ2 = F2F¯2 +Q0,2Dx2x¯2, (3.18)
where F2 and x2 are the auxiliary and scalar components of the superfield Φ2, y and G
are the scalar and auxiliary components of the twisted chiral superfield Λ, and i, j = 1 are
indices denoting the single twisted superfield with K11¯ being the Kähler metric evaluated in
the scalar y. In Appendix C we compute generically the scalar potential and interactions for
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a given Kähler potential and twisted superpotential of twisted-chiral and twisted-antichiral
superfields. The scalar potential can be written as:
U = − [Q0(y + y¯)− (t+ t¯)]D−2Re[σ0G]− 1
2e2
D2 +Kij¯GiG¯j¯−F2F¯2−Q0,2Dx2x¯2. (3.19)
The contribution of the auxiliary field F2 to the scalar potential is zero since is not coupled
to any field. Next, integrating out the auxiliary field D we find
D = −e2 [Q0(y + y¯)− (t+ t¯)]− e2Q0,2x2x¯2. (3.20)
Substituting the previous expression into the potential and reducing terms we obtain the
expression
U =
e2
2
[Q0(y + y¯)− (t+ t¯) +Q0,2x2x¯2]2 − 2Re [σ0G] +Kij¯GiG¯j¯ (3.21)
Moreover, we want to eliminate the auxiliary field G. Using the equation of motion K11¯G =
σ¯0, the scalar potential reduces to
U =
e2
2
[Q0(y + y¯)− (t+ t¯) +Q0,2x2x¯2]2 −K−111¯ |σ0|2. (3.22)
This potential has three susy vacua at σ0 = 0 and (Q0(y + y¯) − (t + t¯)) + Q0,2x2x¯2 = 0,
x2 = 0, (y+ y¯) = (t+ t¯)/Q0 or x2 =
√
(t+ t¯)/Q0,2, (y+ y¯) = 0. Going to the Higgs branch
with vacuum σ0 = x2 = 0 and (y+ y¯) = (t+ t¯)/Q0,2 the gauge field strength v03 gets a large
mass in the IR limit, thus it can be integrated out [3]. Let us integrate the field strength
v03, the effective scalar potential is given by the sum of U and the terms proportional to
v03, i.e.
Ueff =
e2
2
[Q0(y + y¯)− (t+ t¯)]2 + i [Q0(y − y¯)− (t− t¯)] v03 − 1
2e2
v203, (3.23)
integrating out v03 we get the following expression
v03 = ie
2 [Q0(y − y¯)− (t− t¯)] . (3.24)
Substituting this into (3.23) we obtain
Ueff =
e2
2
(Q0(y + y¯)− (t+ t¯))2 − e
2
2
(Q0(y − y¯)− (t− t¯))2, (3.25)
= 2e2(t−Q0y)(t¯−Q0y¯) = 2e2|t−Q0y|2.
The supersymmetric vacuum lies at the locus Qy = t. The susy vacuum arises by taking the
Higgs branch, i.e., σ0 = 0 and integrating v03 in the IR limit. This procedure is equivalent
to integrating the twisted field strength Σ in the twisted superpotential (3.17) to obtain
the relation ΛQ0 − t = 0, which implies the previous relation for the scalar components y.
The resulting theory comes from incorporating the instanton contribution [3] to the total
twisted superpotential, which can be written as Wtot = 12(ΛQ0 − t)Σ0 + e−Λ. If we look
at Wtot and integrate out Λ this will give rise to the same effective potential for Σ0 as in
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the original theory (3.7). If we integrate Σ0 the condition ΛQ0 − t = 0 leads to a constant
twisted-superpotential W˜ = e−t/Q0 , having a theory with a zero scalar potential. We will
compare this result with the dual models constituting a family of Abelian T-dualities of
Section 4, which constitute a subset of a non-Abelian T-duality.
The Kähler metric of the dual theory reads
∂Λ∂Λ¯K = −
1
2(Λ + Λ¯)
. (3.26)
Writing the scalar components of the superfields Φ as φ = ρeiθ and Λ as λ = ρ˜ + iθ˜, the
equation of motion (3.10) implies the relation ρ2 = ρ˜/Q. One can describe distances in the
dual system with the metric
ds2 =
dρ˜2 + dθ˜2
4ρ˜
, (3.27)
=
1
Q
dρ2 +
1
4Qρ2
dθ˜2.
The measure (3.27) implies the condition Re (λ) = ρ˜ > 0, which after renormalization is
corrected to Re (λ) ≥ − ln(ΛUV /µ), with ΛUV the UV cutoff and µ the energy scale [3].
The dual fields Λ and Λ¯ in (3.17) are twisted chiral and twisted anti-chiral superfields.
Therefore, the duality exchanges the chiral superfield Φ1 by the twisted chiral superfield Λ.
3.4 Multiple chiral superfields
In this subsection we apply the method to describe T-duality by gauging multiple global
symmetries in a gauge theory to the case of a 2D (2,2) GLSM with one U(1) gauge symmetry,
with vector superfield and field strength V0 and Σ0 and N + 1 chiral superfields Φi with
charges Qi. This theory has U(1)N global symmetries that can be gauged, and from the
resulting theory the gauge fields can be integrated out to lead to a dual model. This case
has also been studied in the work by Hori-Vafa via their dualization method, here we show
the equivalence to the T-duality procedure we are spousing.
We start with the Lagrangian (3.6) with n = N + 1 chiral superfields. We consider a
parametrization of the U(1)N global symmetries, such that each field Φi, i = 1, ..., N is only
charged under the U(1)i with charge Qˆi, i.e., under U(1)i the chiral superfields transform
as:
U(1)i : Φi → eiQˆiΛiΦi, ∀j 6=iΦj → Φj . (3.28)
The field ΦN+1 is uncharged under the U(1)N global symmetries. The gauging of these
symmetries into the Lagrangian is given by
L =
∫
d4θ
(
N∑
i=1
Φ¯ie
2QiV0+2QˆiViΦi − 1
2e2
Σ¯0Σ0 +
N∑
i=1
(ΨiΣi + Ψ¯iΣ¯i)
)
(3.29)
+
∫
d4θ
(
Φ¯N+1e
2QN+1V0ΦN+1
)− 1
2
∫
d2θ˜tΣ0 + c.c.,
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where Vi, Σi and Ψi denote respectively the vector superfield, field strength and Lagrange
multiplier superfield associated to the gauged symmetry U(1)i. The field Φi with i = 1, ..., N
has charge Qˆi under the gauged symmetry. ΦN+1 is a spectator superfield, which is not
charged under U(1)i, is not dualized, and serves to provide the original theory with an extra
U(1) global symmetry.
The equation of motion obtained by making the variation of the action w.r.t to Vi as
δS
δVi
= 0 is given by
Φ¯ie
2QiV0+2QˆiViΦi =
Λi + Λ¯i
2Qˆi
, (3.30)
from it one can obtain an expression of the vector superfield of the gauged symmetry as
Vi =
1
2Qˆi
ln
Λi + Λ¯i
2Qˆi
− 1
2Qˆi
ln Φ¯ie
2QiV0Φi. (3.31)
Using (3.31) in (3.29) below, i.e., integrating each of the vector superfields Vi one gets the
dual Lagrangian
Ldual =
∫
d4θ
(
−
N∑
i=1
Λi + Λ¯i
2Qˆi
ln
(
Λi + Λ¯i
2Qˆi
)
+ Φ¯N+1e
2QN+1V0ΦN+1 − 1
2e2
Σ¯0Σ0
)
+
1
2
∫
d2θ˜
(
N∑
i=1
ΛiQi/Qˆi − t
)
Σ0 +
1
2
∫
d2 ˜¯θ
(
N∑
i=1
Λ¯iQi/Qˆi − t¯
)
Σ¯0. (3.32)
This constitutes a replicated version of (3.16). It gives an alternative procedure to perform-
ing the dualization made by Hori-Vafa [3] (see their subsection 3.2.1), without the need of
deforming the D-term i.e. avoiding the procedure they called in that scheme localization.
More importantly, our procedure also allows to obtain directly the Lagrangian leading to
the dual theories, once the global symmetries to gauge are defined. The equation (3.32) fits
their dual model by setting ∀iQˆi = 1. The total twisted superpotential, after adding the
instanton contributions reads
W˜ =
(
N∑
i=1
ΛiQi − t
)
Σ0 + µ
∑
i
e−Λi . (3.33)
The procedure can be applied as well to more general GLSMs, with a larger gauge
symmetry and larger global symmetries. In particular, it can be applied to the case of a
GLSM with multiple U(1) gauge fields. We also expect that it can be applied to GLSMs
with non-Abelian gauge symmetries as the ones described in [14]; these extensions would
be the subject of future work.
3.5 Multiple U(1)s
In this subsection we perform the dualization procedure along the direction of the global
Abelian symmetries in the system of N chiral superfields and M U(1) gauge symmetries.
One requires an extra set of M spectators fields in order to have U(1)N global symmetries
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not contained in the U(1)M gauge symmetry. The result of dualization is precisely the dual
model presented in Section 3.3 of [3] plus the neutral fields under the gauged symmetries,
which do not play a role in the duality, but act as spectator superfields which allow for the
existence of extra global Abelian symmetries.
The chiral superfields Φi have charge Qˆi under the gauged symmetry and charges Qi,a
under the original U(1)a gauge symmetries of the GLSM. The transformation parameters
with respect to the gauge symmetry and the gauged symmetry read Λi and Λˆa. Both
transformations are given by
U(1)i : Φi → eiQˆiΛiΦi, ∀j 6=iΦj → Φj , (3.34)
U(1)a : Φi → eiQˆa,iΛˆaΦi.
We start with a Lagrangian where the global symmetries have been gauged, and La-
grange multiplier fields have been added:
L =
∫
d4θ
(
N∑
i=1
Φ¯ie
∑
a 2Qi,aVa+2QˆiViΦi −
∑
a
1
2e2a
Σ¯aΣa +
N∑
i=1
(ΨiΣi + Ψ¯iΣ¯i)
)
(3.35)
+
∫
d4θ
(
M+N∑
k=N+1
Φ¯ke
∑
a 2Qk,aVaΦk
)
−
∑
a
1
2
∫
d2θ˜taΣa + c.c.,
where Vi and Σi denote the vector superfield and field strength associated to the gauged
U(1)i symmetry, Va and Σa denote the vector superfield and field strength associated to the
GLSM gauge symmetry U(1)a. There are M spectators chiral superfields Φk with charges
only under the original gauge group, and uncharged with respect to the gauged symmetries.
The equation of motion obtained by varying the action with respect to Vi as δSδVi = 0 is
given by
Φ¯ie
∑
a 2QiaVa+2QˆiViΦi =
Λi + Λ¯i
2Qˆi
. (3.36)
In the above equation Λi = 12D¯+D−Ψi. As solution for the U(1)i vector superfield we
obtain the expression
Vi =
1
2Qˆi
ln
Λi + Λ¯i
2Qˆi
− 1
2Qˆi
ln Φ¯ie
∑
a 2QiaVaΦi. (3.37)
Plugging (3.37) into (3.35) the dual Lagrangian reads
Ldual =
∫
d4θ
(
−
N∑
i=1
Λi + Λ¯i
2Qˆi
ln
(
Λi + Λ¯i
2Qˆi
)
+
M+N∑
k=N+1
Φ¯ke
∑
a 2Qk,aVaΦk −
∑
a
1
2e2a
Σ¯aΣa
)
+
∑
a
1
2
∫
d2θ˜
(
N∑
i=1
ΛiQia/Qˆi − ta
)
Σa + h.c. (3.38)
Let us compare now with the dualization procedure of Hori-Vafa. Setting the charges
under the gauged symmetries as Qˆi = 1, the total twisted superpotential, after adding the
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instanton contributions reads
W˜ =
∑
a
Σa
(
N∑
i=1
ΛiQia − ta
)
+ µ
∑
i
e−Λi . (3.39)
This coincides with the results of Section 3.3 in Hori-Vafa work [3] but we employ the ap-
proach of gauging the remnant global symmetries. In this case the dual manifolds obtained
by this procedure are the same as in the Hori-Vafa cases, because the twisted superpo-
tential in the effective dual theories coincide. The dual theory is obtained by taking the
Higgs branch of vacua where the vev of the scalar components of Φk is φk = 0, the vev of
the scalar components of Σa is σa = 0 and the field strength v03,a is integrated. In this
case all the Σa are integrated out, to give the ralation between the fields
∑N
i=1 ΛiQia = ta
and the twisted superpotential W˜ = µ
∑
i e
−Λi . This implies that the Abelian dualization
reproduces the same results for Mirror Symmetry as the Hori-Vafa dualization. In Section
6 we analyze this Abelian duality in more detail for the case discussed in the text of two
chiral superfields with equal charges and a single U(1) writing the scalar potential in the
dual theory. We have tested in this Section the method of gauging a global symmetry in
GLSMs, in order to describe Abelian T-dualities. Next, we are going to see the advantage
of this method in implementing non-Abelian dualities in GLSMs.
4 Non Abelian T-Duality in GLSMs
In this Section we implement NATD in a 2D (2,2) supersymmetric GLSM. We start with a
GLSM with Abelian gauge group U(1), N chiral superfields Φk,i with charges Qk,
∑
k nk =
N , i = 1, ..., nk where nk is the number of chiral superfields with charge Qk. Due to
the coincidence of charges there is a group of global non-Abelian symmetry which acts on
the chiral superfields. The non-Abelian global symmetry, denoted by G, can be gauged
incorporating to the action the vector superfield V and adding a Lagrange multiplier Ψ.
When this field is integrated out one obtains the initial action. After obtaining the equation
of motion for a general gauge group we specialize to SU(2). We consider a simple model with
two chiral superfields in an SU(2) doublet, and perform the dualization selecting an Abelian
direction inside of SU(2). The results obtained for a family of Abelian directions apply as
well to a set of non-Abelian directions, this is discussed in Section 5. In this dual theory
where the Lagrange multipliers are the new coordinates, we obtain the supersymmetric
vacuum which, together with the instanton corrections, leads to the dual theory.
4.1 Non Abelian T-duality for a GLSM with global symmetry G
In this subsection we start with the general action of a (2,2) GLSM with Abelian gauge
group U(1), N chiral superfields Φk,i with charges Qk, and a global symmetry G. We gauge
the global symmetry by introducing a vector superfield V and Lagrange multipliers. The
vector superfield is integrated to obtain the equations of motion that allow to express the
new action in terms of the Lagrange multipliers coordinates.
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We start writing the Lagrangian
L2 =
∫
d4θ
(∑
k
Φ¯k,i(e
2QkV0+V )ijΦk,j + Tr (ΨΣ) + Tr (Ψ¯Σ¯)− 1
2e2
Σ¯0Σ0
)
. (4.1)
+
1
2
(
−
∫
d2θ˜tΣ0 + c.c.
)
,
where the Lagrange multipliers Ψ and Ψ¯ are unconstrained superfields in the adjoint rep-
resentation of the non-Abelian group G. When they are integrated out one obtains the
conditions Σ = 0 and Σ¯ = 0. This condition is a pure gauge condition that leads to what
we call the original model, describing a U(1) gauge theory with chiral superfields coupled
to a U(1) vector superfield, this theory has the Lagrangian:
L1 =
∫
d4θ
(∑
k
Φ¯k,i(e
2QkV0)ijΦk,j − 1
2e2
Σ¯0Σ0
)
+
1
2
(
−
∫
d2θ˜tΣ0 + c.c.
)
.
Let us now integrate by parts the Lagrange multipliers terms in (4.1). We first expand
them using the definition of the field strength in (2.8) to get:∫
d4θTr (ΨΣ) =
∫
d4θTr
(
−1
2
(D¯+Ψ)e
−VD−eV
)
, (4.2)∫
d4θTr (Ψ¯Σ¯) =
∫
d4θTr
(
−1
2
(D+Ψ¯)e
V D¯−e−V
)
.
Note that they are complex conjugate of each other. The variation of the exponential of
the vector field δeV can be used to write the variation of the inverse exponential e−V i.e.
δe−V as:
δe−V = −e−V (δeV )e−V . (4.3)
The variation δeV is not a gauge invariant quantity, a gauge invariant variation of V
can be defined as [15]
∆V = e−V δeV . (4.4)
We can write this variation as ∆V = ∆VaTa, where Ta are the gauge group generators.
The variations with respect to V of the different terms in the Lagrangian (4.1) are given
next. First, the variation of the kinetic term for chiral superfields is given by∫
d4θδ
(∑
k
Φ¯k,i(e
2QkV0+V )ijΦk,j
)
=
∫
d4θ
∑
k
(Φ¯k,i(e
2QkV0+V )ij(Ta)jlΦk,l)∆Va, (4.5)
Then we compute the variation of the Lagrange multiplier terms:
δTr (D¯+Ψe
−VD−eV ) = Tr
(
(e−VD−eV D¯+Ψ + D¯+Ψe−VD−eV +D−D¯+Ψ)∆V
)
,
with χ = e−VD−eV ,
and the conjugate:
δTr (D+Ψ¯e
V D¯−e−V ) = Tr
(
(−D¯−e−VD+Ψ¯eV + e−VD+Ψ¯D¯−eV + e−V (D+D¯−Ψ)eV )∆V )
)
.
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Using the previous formulae, the equation of motion obtained for V from δSδV = 0 with the
Lagrangian (4.1) is given by:
−1
2
(D+D¯−Ψb +D+Ψ¯b × D¯−)Tr (eV Tae−V Tb) + (Φ¯e2QV0eV TaΦ) (4.6)
−1
2
(ifabcTr (e
−VD−eV Tc)D¯+Ψb +D−D¯+Ψa/2) = 0.
Now we would like to express V in terms of the dual fields. The gauge symmetry can
be used to fix Φ and Φ¯. The vector superfield V is Hermitian, with V † = V , (e±V )† = e±V
and (∆V )† = δeV e−V = eV ∆V e−V . This fact helps to simplify the equation of motion.
First we notice that χ† = −eV D¯−e−V which allows us to write (4.6) as
Tr ((χ¯τ¯ + τ¯ χ¯− D¯−τ¯)Ta)∆V †a + Tr ((χτ + τχ+D−τ)Ta)∆Va (4.7)
+(Φ¯e2QV0eV TaΦ)∆Va = 0.
We make the definition τ¯ = D+Ψ¯ and τ = D¯+Ψ. The Lagrange multipliers terms in the
action (4.1) can be written as Tr (ΨΣ) = −12Tr (τχ) and Tr (Ψ¯Σ¯) = 12Tr (τ¯ χ¯). Considering
a set of commuting generators the equation of motion (4.7) reduces to the e.o.m. of the
Abelian case given in (3.10).
In the Wess-Zumino(WZ) gauge there is a strong simplification of the equations:
e±V = 1± V + V
2
2
, e−VDαeV = DαV − [V,DαV ]
2
. (4.8)
In this gauge the object χ = e−VD−eV can be expressed as χ = χaTa, this may be possible
in other gauges as well. For SU(2) we have χ = χaσa at any gauge. Then (4.7) simplifies
to
D+D¯−Ψ¯a∆V †a +D−D¯+Ψa∆Va + (Φ¯e
2QV0eV TaΦ)∆Va = 0. (4.9)
The previous equation contains the variation ∆Va and its conjugate. Now let us argue
that they coincide. As we noticed previously (∆V )† = eV ∆V e−V , this implies (∆Va)†Ta =
(eV Tae
−V )∆Va, which for TrTa 6= 0 gives ∆Va = (∆Va)†. However if TrTa = 0 the relation
gives Re (∆Va)(Ta − eV Tae−V ) + iIm (∆Va)(Ta + eV Tae−V ) = 0. The mentioned set of
equations has solutions Im (∆Va) = 0 and ∆VaTa = eV ∆VaTae−V . This last condition
implies [V,∆V ] = 0 which is a condition that arises also from the Wess Zumino gauge
relations (4.8) if ∆V † = eV ∆V e−V holds. Therefore we will consider that the relation
∆Va = (∆Va)
† holds, and look at the equation of motion (4.7) under this consideration.
4.2 GLSM with an SU(2) symmetry
We now consider a gauge linear sigma model with global SU(2) symmetry that can be
gauged. This is the explicit example that we explore in detail in this work. We consider
the case of a U(1) gauge symmetry and two chiral superfields equally charged under it. We
apply our procedure of gauging the global symmetry of the theory which in this case is an
SU(2) symmetry. Integrating the vector superfield via its e.o.m. leads to the dual model.
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The Lagrangian which includes as limits the two dual theories is given by
Lmodel =
∫
d4θ
(
Φ¯i(e
2QV0+V )ijΦj + Tr (ΨΣ) + Tr (Ψ¯Σ¯)− 1
2e2
Σ¯0Σ0
)
(4.10)
− 1
2
(∫
d2θ˜tΣ0 + c.c.
)
,
where by V0 and Σ0 we denote the vector superfield and field strength of the U(1) gauge
group of the GLSM, Φi and Φ¯i with indices i, j = 1, 2 denote the two chiral and anti-chiral
superfields, V is the gauge field of the SU(2) gauged symmetry with field strength Σ and
Ψ is the Lagrange multiplier, an unconstrained superfield. The superfields Φ and Φ¯ are
doublets under the SU(2) global symmetry. The original model is obtained by integrating
out the Lagrange multiplier Ψ obtaining a pure gauge configuration Σ = 0. This defines
the CP1 linear sigma model. The scalar potential in this model is given by
U =
e2Q2
2
(|φ1|2 + |φ2|2 − 2r)2 + 2|σ0|2Q2(|φ1|2 + |φ2|2). (4.11)
The vacuum manifold for r > 0 is given by CP1 ≡ {|φ1|2 + |φ2|2 = 2r}/U(1) and σ0 = 0.
The mirror of the CP1 model is obtained by dualizing with Abelian T-duality along two
directions i.e. employing the two rotation symmetries of the two fields Φ1 and Φ2 is the A1
Toda field theory [3] which will be compared with our dual models in Section 6. Now we
want to use the global SU(2) symmetry to implement non-Abelian T-duality in this model.
For this model the effective superpotential in the original GLSM for the gauge field Σ0
(3.7) reads [16]
Weff (Σ0) = −2QΣ0 ln
(
QΣ0
µ
)
+ 2QΣ0 − tΣ0. (4.12)
Due to the coincident charges the theory has one chiral and one antichiral SU(2)
doublets (Φ1,Φ2) and (Φ¯1, Φ¯2) respectively. Let us write the e.o.m. of the gauged vector
superfield V (4.7) as
Tr ((χ¯τ¯ + τ¯ χ¯− D¯−τ¯)Ta) + Tr ((χτ + τχ+D−τ)Ta) + (Φ¯e2QV0eV TaΦ) = 0, (4.13)
Let us define:
X¯a = Tr ((χ¯τ¯ + τ¯ χ¯− D¯−τ¯)Ta), Xa = Tr ((χτ + τχ+D−τ)Ta).
Employing (4.13) it is possible to express (Φ¯e2QV0eV Φ) in terms of V , thus eliminating 3
of the 4 products Φ¯iΦj , and leaving one. Applying the property det eV = 1 one obtains
e2QV0Φ¯ie
V
ijΦj = −e2QV0
2Φ¯1Φ2
eV21
− e
V
22(X1 + iX2 + c.c.)
eV21
−X3 + c.c. (4.14)
Xa = Tr ((χτ + τχ+D−τ)σa) = D−D¯+Ψa.
The superfields Xa gets simplified3 in SU(2). It is possible to use the gauge freedom in the
gauged model to set Φ¯1Φ2 = 0, by setting one of those components to zero. Substituting
3Taking into account that χ = χaσa, for SU(2) this happens in any gauge, we thus obtain Tr ((χτ +
τ)σa) =Tr ((χbτc + χcτb)σbσcσa) = Tr ((χbτc + χcτb)bca2i) = 0. For other Lie algebras there is also a
symmetric part dabc in the product TaTb, check (B.1), this makes the mentioned term different from zero.
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(4.14) in (4.1) we arrive to the dual model, which we analyze in the following. Let us
look at the reduction to the Abelian case considering χ = e−VD−eV = D−V and only one
generator σa = 1, one gets:
Tr ((χτ + τχ+D−τ)σa) + c.c. = Tr ((D−V τ + τD−V +D−D¯+Ψ)), (4.15)
= D−D¯+Ψ + D¯−D+Ψ¯.
= Λ + Λ¯.
This equation coincides with the result for the e.o.m. of the Abelian duality given in (3.10).
Let us work the V equation of motion (4.13) to solve for V vs. the other fields.
Simplifying (4.13) with the condition Tr (χτ + τχ) = 0 one gets
(Φ¯e2QV0eV σaΦ) = D¯−D+Ψ¯a + D¯+D−Ψa = X¯a +Xa. (4.16)
These constitute three equations of motion, one for each generator of the group algebra.
Note that on (4.16) the fundamental fields in the duality become Xa and X¯a which are
twisted chiral and twisted anti-chiral superfields. This is the case for SU(2), but in more
general cases the fundamental fields appear to be the semi-chiral superfields D¯+Ψa, recall
the e.o.m. (4.7). This needs to be explored further for other gauged groups.
The three equations of motion, one for each group generator can be employed to express
two components of eV in terms of the other two. 4 We write the e.o.m. (4.16) for the
generators a = 1, 2 as
eV12 = −eV22
Φ¯2
Φ¯1
+
X1 + X¯1 − i(X2 + X¯2)
2e2QV0Φ1Φ¯1
, (4.17)
eV21 = −eV11
Φ¯1
Φ¯2
+
X1 + X¯1 + i(X2 + X¯2)
2e2QV0Φ2Φ¯2
,
where eVij denotes the (i, j) matrix element of e
V . Employing these relations it is possible
to eliminate the V dependence in the kinetic term of (4.10) to get:
e2QV0Φ¯ie
V
ijΦj =
−((Φ21(X1 + X¯1 + i(X2 + X¯2)) + Φ22(X1 + X¯1 − i(X2 + X¯2))
(2Φ1Φ2)
(4.18)
The third constraint coming from (4.16) evaluated for σ3 reads:
Φ22(X1 + X¯1 − i(X2 + X¯2))− Φ21(X1 + X¯1 + i(X2 + X¯2)) + (4.19)
2Φ1Φ2(X3 + X¯3) = 0,
which allows to express the chiral superfields of the model vs. the twisted superfields of the
dual model. One can divide (4.19) by Φ21 to obtain
(Φ2/Φ1)
2(X1 + X¯1 − i(X2 + X¯2))− (X1 + X¯1 + i(X2 + X¯2)) (4.20)
+2(Φ2/Φ1)(X3 + X¯3) = 0,
4There is an extra relation coming from conjugating the previous expression Φ¯ie2QV0 [eV , σa]ijΦj = 0.
This could be achieved by setting [eV , σa] = 0.
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The solution reads:
F = (Φ2/Φ1) =
−(X3 + X¯3)±
√
(X3 + X¯3)2 + ((X1 + X¯1)2 + (X2 + X¯2)2))
(X1 + X¯1 − i(X2 + X¯2)) . (4.21)
Let us choose the solution with +. This solution can be employed to express the kinetic
term of the Lagrangian in terms of the dual coordinates X1, X2, X3:
e2QV0Φ¯ie
V
ijΦj =
√
(X1 + X¯1)2 + (X2 + X¯2)2 + (X3 + X¯3)2. (4.22)
From the chosen solution with plus on (4.21), one can use the gauge freedom to set F = 1,
i.e., giving Φ1 = Φ2, which implies a constraint between the real parts of the twisted chiral
superfields
Φ1 = Φ2 → X2 + X¯2 = X3 + X¯3 = 0. (4.23)
One could also fix Φ2 = iΦ1, then the gauge implies X1 + X¯1 = X3 + X¯3 = 0. This will be
particularly useful at the time of analyzing the dual model geometry.
4.3 Dualization along σ1 ∈ SU(2), V = |V |σ1
In this subsection we would like to proceed with a simple case, that is to take an Abelian
direction inside the duality group along the generator σ1. In this scheme we perform the
duality and analyze the obtained dual theory.
We start writing the vector superfield V aligned with the generator σ1, i.e. V = V1σ1,
for the exponential of V that is:
eV = eV1σ1 =
(
cosh(V1) sinh(V1)
sinh(V1) cosh(V1)
)
, |V | = V1, n1 = 1. (4.24)
In Appendix B we present relevant formulas for SU(2) vector superfields and its equations
of motion, in particular we write the expression that leads to (4.24). Using the equations
of motion from the generators σ1 and σ2 in (4.16) one obtains
sinh(V1) + (2gpφ1φ¯2 cosh(V1)−X1 − X¯1 + i(X2 + X¯2))/(2gp|φ1|2) = 0, (4.25)
sinh(V1) + (2gpφ¯1φ2 cosh(V1)−X1 − X¯1 − i(X2 + X¯2))/(2gp|φ2|2) = 0. (4.26)
Those equations can be solved to obtain
eV1 =
φ1(X1 + X¯1 + i(X2 + X¯2)) + φ2(X1 + X¯1 − i(X2 + X¯2))
2e2QV0φ1φ2(φ¯1 + φ¯2)
, (4.27)
=
(X1 + X¯1 + i(X2 + X¯2))
2e2QV0φ2(φ¯1 + φ¯2)
+
(X1 + X¯1 − i(X2 + X¯2))
2e2QV0φ1(φ¯1 + φ¯2)
.
From it we get
V1 = ln
(
(X1 + X¯1) + i(X2 + X¯2)
F¯ − 1
F¯ + 1
)
− ln(2|Φ1|2)− 2QV0. (4.28)
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The fact that V1 is a real vector superfield implies relations among the twisted chiral and
the twisted anti-chiral superfields such that the argument of the logarithm is real. Let us
use the relations:
φ1(Φ¯1 + Φ¯2) = |Φ1|2(1 + F¯ ), (4.29)
φ2(Φ¯1 + Φ¯2) = |Φ2|2(1 + 1/F¯ ), (4.30)
|Φ1|2 = |Φ2|2, (4.31)
with F = Φ2/Φ1 given by (4.21). One can show that V1 satisfiying (4.27) fulfills (eV1)† = eV1 .
One also has
e−V1 =
φ1(X1 + X¯1 + i(X2 + X¯2))− φ2(X1 + X¯1 − i(X2 + X¯2))
2e2QV0φ1φ2(φ¯1 − φ¯2)
, (4.32)
=
(X1 + X¯1 + i(X2 + X¯2))
2e2QV0φ2(φ¯1 − φ¯2)
− (X1 + X¯1 − i(X2 + X¯2))
2e2QV0φ1(φ¯1 − φ¯2)
,
with (e−V1)† = e−V1 . As a check, it is possible to verify that e−V1eV1 = 1 using the equations
(4.29) and (4.32). There are three contributions to
∫
dθ4(Tr ΨΣ + Tr Ψ¯Σ¯) coming from the
three terms in (4.28), those are:∫
d4θ(X1V1 + X¯1V1) ⊃
∫
d4θX1 ln((X1 + X¯1) + i(X2 + X¯2)
(F¯ − 1)
(F¯ + 1)
) + c.c, (4.33)
from the first term, also:∫
d4θ(X1V1 + X¯1V1) ⊃
∫
d4θ(X1 + X¯1) ln(2Φ¯1Φ1), (4.34)
= 0.
coming from the second term, and:∫
d4θ(X1V1 + X¯1V1) ⊃ −
∫
d4θ(D−D¯+Ψ12QV0 +D+D¯−Ψ¯12QV0), (4.35)
= −2Q
2
∫
dθ+dθ¯−D−D¯+Ψ1Σ0 − 2Q
2
∫
dθ−dθ¯+D+D¯−Ψ¯1Σ¯0,
= −2Q
2
∫
dθ+dθ¯−X1Σ0 − 2Q
2
∫
dθ−dθ¯+X¯1Σ¯0,
coming from the third term. This last contribution is a duality generated twisted superpo-
tential. Thus, in this gauge we are able to eliminate the original fields and the gauged field
in terms of the Lagrange multipliers which become the dynamical fields.
The dual Lagrangian can be obtained starting with (4.10) and using all previous rela-
tions (4.22),(4.33) and (4.35) to get:
Ldual =
∫
d4θ
√
(X1 + X¯1)2 + (X2 + X¯2)2 + (X3 + X¯3)2 + (4.36)
+
∫
d4θX1 ln((X1 + X¯1) + i(X2 + X¯2)(F¯ − 1)/(F¯ + 1)) + c.c.
+
2Q
2
∫
dθ¯−dθ+
(
X1 − t
2Q
)
Σ0 +
2Q
2
∫
dθ¯+dθ−
(
X¯1 − t¯
2Q
)
Σ¯0 −
∫
d4θ
1
2e2
Σ¯0Σ0.
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The last term is a twisted superpotential generated by the duality. One can make an
Ansatz for the instanton corrections on the dual theory, compute the effective superpotential
for Σ0 and compare it with the one loop calculation done for that quantity in the original
theory [16]. Since we are dualizing an Abelian direction inside the gauged group SU(2) we
will take the Ansatz for the instanton corrections to be the same as the Hori and Vafa [3]
∆W = 2µe−X1 giving the total twisted superpotential
W˜ = 2QX1Σ0 + 2µe
−X1 − tΣ0. (4.37)
By integrating out X1 one gets X1 = − ln(QΣ0µ ) and by plugging this into (4.37) we obtain
W˜eff (Σ0)
′ = −2Q ln
(
QΣ0
µ
)
+ 2QΣ0 − tΣ0. (4.38)
This last expression coincides with (4.12), the effective superpotential for Σ0 on the original
theory. This gives evidence for the equivalence of both theories. Next, we analyze the
supersymmetric vacua of the dual theory.
Scalar potential of the dual model. Let us look at the scalar potential for the twisted
field strength of the GLSM and the twisted chiral superfields arising in the dual theory.
The vanishing of the new potential is what will give the susy locus, i.e., the target space
geometry of the dual theory.
Using the expansions for the twisted superfields given in (2.11) one can express the
twisted superpotential in terms of the scalar components of the twisted superfields. All the
terms contributing to (4.36) read
2Q
2
∫
dθ¯−dθ+X1Σ0 = 2Q(i(χ−,1λ¯+,0 + χ¯+,1λ−,0) + σ0G1 + x1(D − iv03)), (4.39)
2Q
2
∫
dθ¯+dθ−X¯1Σ¯0 = 2Q(i(χ¯−,1λ+,0 + χ+,1λ¯−,0) + σ¯0G¯1 + x¯1(D + iv¯03)),
− 1
2e2
∫
dθ4Σ¯0Σ0 =
1
2e2
|D − iv03|2,
−2Q t
4Q
∫
dθ¯−dθ+Σ0 = −Qt(D − iv03),
−2Q t¯
4Q
∫
dθ¯+dθ−Σ¯0 = −Qt¯(D + iv03).
The kinetic part for the scalar components of the twisted chiral superfields is given by
[19, 22]
Sscalar = −1
2
∫
d2x(−Kij¯∂axi∂ax¯j +Kij¯GiG¯j). (4.40)
with i, j = 1, 2, 3.5 In Appendix C we write generic expressions to compute the Lagrangian
contribution of twisted chiral superfields for a given Kähler potential and twisted superpo-
tential. In particular, we derive the second term in (4.40). Collecting all the contributions
5Notice that in our notation we use the index j¯ to denote the derivative of K with respect to x¯j , but to
denote the conjugate superfield X¯j and its components we use the index j.
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to the scalar potential depending on the dynamical fields σ0, xa and the auxiliary fields D
and Gi one gets:
U = −4QRe(σ0G1)− 4QRe((x1 − t/8)D)− 1
2e2
D2 +Kij¯GiG¯j . (4.41)
It is necessary to compute the equations of motion for the auxiliary fields. Solving for
the auxiliary field D,6 yields D = −2e2Q(x1 + x¯1 − (t + t¯)/(2Q)) and one gets the scalar
potential
U = −4QRe(σ0G1) + 4Q2e2(x1 + x¯1 − (t+ t¯)/(2Q))2 +Kij¯GiG¯j . (4.42)
The above expression for the scalar potential suggests that we use the equation of motion for
G1 in order to eliminate the auxiliary fields completely. One obtains K2j¯G¯j = K3j¯G¯j = 0
and K1j¯G¯j = 2Qσ0. The previous system is solved by the condition σ0 = 0. Thus we
obtain the potential:
U = 2Q2e2(x1 + x¯1 − (t+ t¯)/(2Q))2, (4.43)
whose zero locus is Re x1 = Re t/(2Q) = r/(2Q) which represents the susy vacuum in the
dual theory.
However, if one looks at the Higgs branch in the NLSM limit the field Σ can be in-
tegrated out [3], which in this description means to integrate v03. To obtain an effective
scalar potential one starts from the scalar potential plus the interaction terms with v03:
Ueff = − 1
2e2
(v203 + v032ie
2Q(t− t¯− 2Qnaxa + 2Qnax¯a)) + 2Q2e2(x1 + x¯1 − (t+ t¯)/(2Q))2.
Integrating with respect to v03 one obtains v03 = −ie2Q(t− t¯− 2Qn1(x1− x¯1)) which leads
to the scalar potential
Ueff = 2Q
2e2|x1 − t
2Q
|2, (4.44)
whose zero locus |x1 − t/(2Q)|2 = 0 represents the dual manifold. Adding the instanton
contributions leads us to the dual model in the IR limit. It is a very simple model given
by X1 = t/(2Q) and constant twisted superpotential coming from (4.37): W˜ = 2µe−t/(2Q).
Next, we are going to generalize the study for a family of Abelian directions inside the
SU(2) gauged group.
4.4 Dualization along naσa ∈ SU(2), V = |V |naσa
In this subsection we perform a family of Abelian dualities along the direction of a linear
combination of the generators, leading to V = |V |naσa. We obtain the dual sigma model, in
particular the scalar potential from which we analyze the susy vacua. The scalar potential
of the dual theory also describes truly non-Abelian models. There is a Higgs branch which
6Note that we have omitted fermionic terms in the e.o.m. for auxiliary fields because we are interested
here just in the scalar potential.
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leads to the integration of the original U(1) field strength and to a dual theory. We make
an Ansatz for the instanton contributions to the twisted superpotential which leads to a
correct effective potential for Σ0, and after the integration on Σ0 leads to a dual Abelian
theory.
In this case the Lagrange multiplier term is given by
∫
d4θTr (ΨΣ) =
∫
d4θ 12Xanˆa|V |.
From (4.16) we have:
|V | = ln(K(Xa, X¯a, nˆa))− 2QV0 − ln 2|Φ1|2. (4.45)
As before the fact that |V | is a real vector superfield implies that K(Xa, X¯a, nˆa) is as well
real, this gives a relation among the twisted chiral and the twisted anti-chiral superfields.
The expression for K is given in equation (B.20) of Appendix B. The gauge fixing condition
(4.23) X2 + X¯2 = X3 + X¯3 = 0, guarantees Im (K(Xa, X¯a, nˆa)) = 0. In Appendix B we
gathered useful formulae for SU(2) algebra and the vector superfields taking values in this
algebra.
Note that, in principle, the nˆa depend on the superspace coordinates with restriction
nˆ†a = nˆa. Later in Section 5 we will see that if nˆa is a real superfield with the restriction
D−nˆa = 0 one can also integrate the equations to have the dual Lagrangian in terms of
twisted chiral superfields. The dual Lagrangian for nˆa constant may be written as
Ldual =
∫
d4θ
√
(X1 + X¯1)2 + (X2 + X¯2)2 + (X3 + X¯3)2 + (4.46)
+
∫
d4θXanˆa ln(K(Xi, X¯i, nj)) + c.c.−
∫
d4θ
1
2e2
Σ¯0Σ0
+
2Q
2
∫
dθ¯−dθ+
(
Xana − t
2Q
)
Σ0 +
2Q
2
∫
dθ¯+dθ−
(
X¯ana − t¯
2Q
)
Σ¯0.
The action (4.46) is invariant under the transformation Xa → Xa + 2piika2Qna , ka ∈ Z, taking
into account that the θ angle has quantum symmetry t→ t+ 2pii.
To compute the scalar potential let us first consider the case of constant na7. Thus we
obtain∫
dθ¯−dθ+XanaΣ0 = 2nai(χ−,aλ¯+,0 + χ¯+,aλ−,0) + 2σ0Gana + 2xana(D − iv03),(4.47)∫
dθ¯+dθ−X¯anaΣ¯0 = 2nai(χ¯−,aλ+,0 + χ+,aλ¯−,0) + 2σ¯0G¯ana + 2x¯ana(D¯ + iv¯03).(4.48)
The scalar potential in terms of the dynamical and auxiliary fields in this case is given by
U = −2Q(σ0Ga + σ¯0G¯a)na − 4QRe ((xana − t/(2Q))D)− 1
2e2
D2 +Kij¯GiG¯j .
Integrating as usual the auxiliary field D one gets8
U = −2Q(σ0Ga + σ¯0G¯a)na +Kab¯GaG¯b + 2Q2e2
(∑
a
(xa + x¯a)na − (t+ t¯)/(2Q)
)2
.(4.49)
7Modifications to this condition should give a truly non-Abelian direction inside the non-Abelian group
that will be studied in Section 5.
8 As discussed in [3] in the Higgs branch one can also integrate Σ; in this scheme it is related to fixing
σ0 at its vanishing vev and to integrate v03 which leads to the scalar potential.
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Integrating also the auxiliary field Ga we obtain Kab¯G¯b¯ = 2Qσ0na. This only lets a contri-
bution to the scalar potential given by 2Qσ¯0G¯ana ⊂ U . Now the constraints are solved to
give
U = −2Qσ¯0G¯ana + 2Q2e2
(∑
a
(xa + x¯a)na − (t+ t¯)/(2Q)
)2
(4.50)
= 8Q2|σ0|2O(xi, x¯i, nj) + 2Q2e2
(∑
a
(xa + x¯a)na − (t+ t¯)/(2Q)
)2
.
The function O(xi, x¯i, nj) depends on the components of the Kähler metric. A susy vacuum
appears at σ0 = 0 and Re(
∑
a(xa+x¯a)na) = Ret/(2Q) = r/(2Q). Recall that the condition
nana = 1 holds, see Appendix B, below equation (B.3).
In the gauge (4.23) the Kähler potential depends only on X1 + X¯1, this is K =√
(X1 + X¯1)2 + n1(X1 + X¯1) ln
(√
(X1 + X¯1)2/2
)
. Integrating out the auxiliary fields
0 = 2Qσ0n2, 0 = 2Qσ0n3, K11¯G¯1¯ = 2Qσ0n1. (4.51)
This is solved as n2 = n3 = 0 or σ0 = 0. This makes O(xi, x¯i, nj) = −n21/K11¯ = −n1(X1 +
X¯1) and the potential is given by
U = −8Q2|σ0|2 n
2
1
K11¯
+ 2Q2e2
(∑
a
(xa + x¯a)na − (t+ t¯)/(2Q)
)2
, (4.52)
= −8Q2|σ0|2n1(x1 + x¯1) + 2Q2e2
(∑
a
(xa + x¯a)na − (t+ t¯)/(2Q)
)2
.
A vacuum appears at Re (x1) =
Re (t)
2Q , |σ0| = 0 which is located at U = 0 and is a stable
minimum at Re (t) < 0. There is no minimum on the Coulomb branch.
Let us now make a similar analysis as the one performed in the previous Section. On
the Higgs branch one can go to the IR limit by integrating out the U(1) field strength Σ0.
As σ0 = 0 this is equivalent to integrate v03 considering it as the fundamental field. We
start with the effective potential including (4.52) and the interactions with v03 to have
Ueff = − v
2
03
2e2
− v03iQ(t− t¯− 2Q
∑
a
na(xa + x¯a))) + (4.53)
+ 2Q2e2
(∑
a
(xa + x¯a)na − (t+ t¯)/(2Q)
)2
.
In the last step we have integrated v03 to obtain an effective potential in IR theory:
Ueff = 2Q
2e2|
∑
a
xana − t/(2Q)|2. (4.54)
The dual manifold of this theory is at the locus
∑
a xana − t2Q = 0. This is a hyperplane
in C3. But there are additional restrictions from gauge fixing and from the instanton
corrections in the twisted superpotential.
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We have obtained a family of dual models by gauging a U(1) symmetry inside the
global SU(2) of the original model (obtained from (4.10) after integrating the Lagrange
multiplier). Adding an Ansatz for the expected instanton contributions of the dual models
leads to the twisted superpotential
W˜ = 2QXanaΣ0 − tΣ0 + 2µe−Xana . (4.55)
By integrating outXa one getsXana = − ln(QΣ0µ ) and by plugging this into (4.55) we obtain
again W˜eff (Σ0)′ = −2Q ln
(
QΣ0
µ
)
+2QΣ0−tΣ0 which is exactly the effective superpotential
for the U(1) field strength of the GLSM(4.38).
The vacuum space comes from the following restrictions on the coordinates. Going
to the Higgs branch, i.e., σ0 = 0 in the IR limit one can integrate the gauge U(1) field
Σ0 [3] in the twisted superpotential to obtain the condition Xana = t2Q . This gives a
constant twisted superpotential W˜ = e−t/(2Q), with scalar potential U = 0. Recall moreover
that one can fix the gauge symmetry to obtain Φ1 = Φ2 and this will imply the relation
X2 + X¯2 = X3 + X¯3 = 0, as was seen in (4.23). Therefore the target space of the dual
sigma model is the 1-complex dimensional space given by
Xa ∈ C,
∑
a
n2a = 1. (4.56)∑
a
Xana =
t
2Q
, X2 + X¯2 = X3 + X¯3 = 0,
with quantum symmetry: Xana → Xana + 2piika
2Q
, ka ∈ Z.
This determines a family of dual manifolds given by the numbers {na}. 9
If we fix the gauge symmetry differently to obtain Φ1 = iΦ2 and this will imply the
relation X1 + X¯1 = X3 + X¯3 = 0. Therefore the target space of the dual sigma model is
the 1-complex dimensional space given by
Xa ∈ C,
∑
a
n2a = 1. (4.57)
Xana =
t
2Q
, X1 + X¯1 = X3 + X¯3 = 0,
with quantum symmetry: Xana → Xana + 2piika
2Q
, ka ∈ Z.
Both families of dual spaces (4.56) and (4.57) are equivalent under the permutation 1↔ 2.
Next we are going to analyze the inclusion of a truly non-Abelian part of the duality, which
will modify the dual theory and it will affect the supersymmetric vacuum. However there is
a non-Abelian subset of the SU(2) duality group that gives rise to vacua coinciding with the
ones of this Abelian family. This will be done by relaxing the condition that the expansion
coefficients of the chiral superfields na multiplying the SU(2) generators are constant.
9 Making the change of variables Ya = eXana one obtains the complex one dimensional space Ya ∈
C, Y1Y2Y3 = e
t
2Q , |Y2| = |Y3| = 1. Quantum symmetry: Ya ∼ Yae
2piika
2Q , ka ∈ Z.
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5 Dualization in SU(2) direction naσa, with semichiral na
In this Section we go beyond a family of Abelian T-dualities inside the non-Abelian T-
duality, i.e., we consider a direction inside an SU(2) gauged group with some restrictions
on the non-Abelian vector superfield. We implement these conditions by writing the vector
superfield as V = |V |(xµ, θα, θ¯α˙)σanˆa(xµ, θα, θ¯α˙) with the field nˆa(xµ, θα, θ¯α˙) depending on
the superspace coordinates. The vector superfield of the gauged group will have the more
general form V = σaVa(xµ, θα, θ¯α˙). We impose the condition D−nˆa = 0 in order to obtain
the dual theory in terms of twisted chiral superfields; we take this condition for convenience
but it would be interesting to study the possible choices more systematically.
When D−nˆa = 0 is fulfilled one can obtain for the Lagrange multiplier terms∫
d4θTr (ΨΣ) =
∫
d4θ
1
2
Xanˆa|V |.
The field nˆa is a vector field and in addition satisfies D−nˆa = 0. This is a semichiral
condition in addition to the reality condition. In this Section we will first search for a
vector superfield satisfying this semichiral condition. Under this choice of nˆa, we can
further evaluate the Lagrange multiplier term in the action (4.10)
1
2
∫
d4θTr (ΨD¯+(e
−VD−eV )) =
∫
d4θΨaD¯+(D−|V |nˆa) (5.1)
= −
∫
d4θD¯+Ψa(D−|V |nˆa)
=
∫
d4θD¯+D−Ψa(|V |nˆa) =
∫
d4θXa(|V |nˆa).
With these ingredients, the dual action is composed of the action valid for a constant nˆa
(4.36) with the addition of an extra term:
Ldual =
∫
d4θ
√
(X1 + X¯1)2 + (X2 + X¯2)2 + (X3 + X¯3)2 + (5.2)
+
∫
d4θXanˆa ln(K(Xi, X¯i, nj)) + c.c.−
∫
d4θ
1
2e2
Σ¯0Σ0
+
2Q
2
∫
dθ¯−dθ+
(
Xana − t
2Q
)
Σ0 +
2Q
2
∫
dθ¯+dθ−
(
X¯ana − t¯
2Q
)
Σ¯0,
+
2Q
4
∫
dθ¯−dθ+
(
XaD¯+na
)
D−V0 + c.c.
The last line in (5.2) is a truly non-Abelian part of the duality. It gives an interaction term
between the U(1) gauge field and the dual twisted superfields. To evaluate this contribution,
we need to compute also D−V0, which we will do in the WZ gauge. We will explore the
extra terms that contribute to the effective scalar potential.
Let us discuss the symmetries of this action. It is invariant underXa → Xa+ 2piika2naQ , ka ∈
Z, taking into account that the θ angle has periodicity i.e. t→ t+2pii. The first two lines of
(5.2) are invariant as the real part ofXa is invariant and K is real. The last two are invariant,
because they arise both from −2Q ∫ dθ4XanaV0 → −2piika2 ∫ dθ4V0 = 2piika2 ∫ dθ¯−dθ+Σ0.
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This corresponds to a displacement t → t − 2piika. It is possible then to make an Ansatz
for the instanton contributions in the dual theory as e−Xana that respects the symmetries.
However, the effective twisted superpotential for Σ0 of the dual theory fails to match with
the one of the original theory. Therefore the mentioned instanton contribution, which leads
to correct results in the family of Abelian dualities, is not the correct expression for the
non-Abelian case. This question will be explored in a future work.
Let us work first with nˆa satisfying D−nˆa = 0. Also, we choose the space-time coordi-
nates y = x+ iθσθ¯ and y¯ = x− iθσθ¯, 10 which in the 2D theory are given by
y0,3 = x0,3 − i(±θ+θ¯+ + θ−θ¯−), (5.3)
y¯0,3 = x0,3 + i(±θ+θ¯+ + θ−θ¯−), (5.4)
For reference let us write the covariant derivatives of yµ and θ coordinates, those are:
Dαθ¯
β˙ = D¯α˙θ
β = 0, D¯α˙θ¯
β˙ = −δβ˙α˙, Dαθβ = δβα, (5.5)
Dαy¯
µ = D¯α˙y
µ = 0,
D¯+y¯
0 = 2iθ+, D¯+y¯
3 = −2iθ+,
D¯−y¯0 = 2iθ−, D¯−y¯3 = 2iθ−,
D+y
0 = −2iθ¯+, D+y3 = 2iθ¯+,
D−y0 = −2iθ¯−, D−y3 = −2iθ¯−.
Let us write a generic vector superfield (w) expansion in terms of coordinates yµ. From the
hermiticity condition w = w† we have [22]
w = C(y) + iθγ(y)− iθ¯γ¯(y) + i
2
θ2(M(y) + iN(y))− i
2
θ¯2(M(y)− iN(y)) (5.6)
+ θσµθ¯wµ(y) + θ¯
2θλ(y) + θ2θ¯λ¯(y) + θ2θ¯2D(y).
In addition we require D−w = 0. The following Ansatz for a vector field w = nˆa fullfils
D−nˆa = 0
nˆa = na(y¯)− θ+θ¯+(wa0(y¯)− wa3(y¯)) + iθ+γa+(y¯) + iθ¯+γ¯a+(y¯). (5.7)
One needs to impose also nˆa(y¯)† = nˆa(y¯). Performing the expansion of (5.7) one gets
na(y¯) = na(x) + iθ
+θ¯+(∂0 − ∂3)na + iθ−θ¯−(∂0 + ∂3)na + (5.8)
+ 2θ+θ¯+θ−θ¯−(∂20 − ∂23)na,
−θ+θ¯+w03(y¯) = θ+θ¯+w03(x)− iθ+θ¯+θ−θ¯−(∂0 + ∂3)w03(x),
iθ+γa+(y¯) = iθ
+γa+(x)− θ+θ−θ¯−(∂0 + ∂3)χa+(x),
iθ¯+γ¯a+(y¯) = iθ¯
+γ¯a+(x)− θ¯+θ−θ¯−(∂0 + ∂3)γ¯a+(x).
Recalling the reality condition the total nˆa(y¯) has the expression
nˆa(y¯) = na(x) + 2θ
+θ¯+θ−θ¯−(∂20 − ∂23)na(x) + θ+θ¯+wa03(x)
+ iθ+γa+(x)− θ+θ−θ¯−(∂0 + ∂3)γa+(x),
+ iθ¯+γ¯a+(x)− θ¯+θ−θ¯−(∂0 + ∂3)γ¯a+(x).
10In 4D the variable change reads yµ = xµ + iθβσµ
ββ˙
θ¯β˙ and y¯µ = xµ − iθβσµ
ββ˙
θ¯β˙ .
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Let us compute now D¯+nˆa for subsequent use
D¯+nˆa(y¯) = 2iθ
+(∂0 − ∂3)na − θ+θ−θ¯−(∂20 − ∂23)na + 2θ+θ−θ¯−(∂23 − ∂20)na + (5.9)
− θ+wa03(x)− iθ+θ−θ¯−(∂0 + ∂3)wa03(x)− iγ¯a+(x)
− θ+θ¯+(∂0 − ∂3)γ¯a+(x) + θ−θ¯−(∂0 + ∂3)γ¯a+(x)− iθ+θ¯+θ−θ¯−(∂20 − ∂23)γ¯a+(x).
Notice that even for nˆa non constant, i.e., a non-Abelian direction in the vector superfield
but wa03 = 0 the terms contributing to the scalar potential (not to the kinetic term) coincide
with the ones for nˆa constant discussed in Section 4.4. The expression (5.9) is simplified by
recalling the reality condition of nˆa(y¯):
D¯+nˆa(y¯) = 2θ
+θ−θ¯−(∂23 − ∂20)na − θ+wa03(x)− iγ¯a+(x)
− θ+θ¯+(∂0 − ∂3)γ¯a+(x)− iθ+θ¯+θ−θ¯−(∂20 − ∂23)γ¯a+(x).
Let us now write the vector superfield of the GLSM U(1) gauge group V0 in the Wess-
Zumino gauge [22]
V0 = −θσµθ¯vµ(x)− iθ¯2θλ(x) + iθ2θ¯λ¯(x) + 1
2
θ2θ¯2D(x), (5.10)
= (v0 − v3)θ+θ¯+ + (v3 + v0)θ−θ¯− −
√
2σ¯0θ
−θ¯+ −
√
2σ0θ
+θ¯−
+ 2iθ+θ−(θ¯−λ¯+ − θ¯+λ¯−) + 2iθ¯+θ¯−(θ+λ− − θ−λ+).
+ 2θ+θ−θ¯+θ¯−D(x).
Furthermore the quantity D−V0 appearing in (5.2) and the field strength read:
D−V0 = θ¯−(v3 + v0)− iθ¯−θ+θ¯+(∂0 + ∂3)v30 + i
√
2θ¯−θ−θ¯+(∂0 + ∂3)σ¯0 (5.11)
−
√
2σ¯0θ¯
+ − 2iθ+θ¯−λ¯+ + 2iθ+θ¯+λ¯− − 2iθ¯+θ¯−λ+,
+2θ+θ−θ¯+θ¯−(∂0 + ∂3)λ¯− − 2θ+θ¯+θ¯−D,
Σ0 =
1
2
D¯+D−V0, (5.12)
=
1√
2
σ¯0 + iθ
+λ¯− + iθ¯−λ+ + θ+θ¯−(D − i(∂0v3 − ∂3v0))
+ −i 1√
2
θ¯−θ−(∂0 + ∂3)σ¯0 − 1√
2
θ+θ−θ¯+θ¯−(∂20 − ∂23)σ¯0 + 2θ+θ¯+θ¯−(∂0 − ∂3)λ+
− 2θ+θ−θ¯−(∂0 + ∂3)λ¯−.
In order to see if there are extra contributions to the scalar potential we calculate
−2Q
4
∫
dθ+dθ−dθ¯−dθ¯+XaV0nˆa = −Q
√
2σ¯0(2Gana + i
√
2γa+χ
a
−) + (5.13)
− Q
2
(v3 + v0)(w
a
03xa + i
√
2γ¯a+χ¯
a
+) +QDnaxa
− Q
√
2iλ¯−χa− −Qi
√
2λ+χ¯a+.
Comparing with (4.47), we see there is an extra contribution to the scalar potential, only
dependent on the gauged field boson wa03, the sum of the U(1) vector potentials v3 +v0 and
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the twisted chiral scalar xa. This extra contribution is given by U = Q2 w
a
03(v3+v0)(xa+x¯a).
This matches the observation that
2Q
4
∫
dθ¯−dθ+XaD¯+nˆaD−V0 = −Q
2
wa03xa(v0 + v3) + .... (5.14)
This renders a total scalar potential, in which we have included interaction terms with
the U(1) gauge field component v0 + v3. Via a gauge transformation this field combination
can be set to a constant11, therefore we can look at the effective potential obtained after
taking the Higgs branch and integrating v03:
U = 2Q2e2|xana − t/(2Q)|2 + Q
2
wa03(xa + x¯a)(v0 + v3). (5.15)
The previous vacua found from (4.50) remains the same by taking ∀awa03 = 0. This is
a restriction on the semichiral real superfield nˆa to nˆa = na(y¯) + iθ+γ+(y¯) + iθ¯+γ¯+(y¯),
excluding total derivatives, which restricts the gauged field V . A particular case is when
nˆa depends on space-time nˆa = na(x). This is very interesting, because it implies that the
results of previous Section for a family of Abelian T-dualities inside of SU(2) apply beyond
the Abelian situation. Because nˆa is not constant one has really a vector superfield with
the direction in the Lie algebra V = |V |(x, θ, θ¯)nˆa(x, θ, θ¯)σa. Even if nˆa has the discussed
restrictions the components of V along the different generators Va = |V |(x, θ, θ¯)nˆa(x, θ, θ¯)
are different from each other. This lets us identify the vacua discussed in Subsection 4.4 as
vacua of a non-Abelian dual theory.
Furthermore we can consider wa03 and (v0+v3) to be different from zero, and investigate
how the Higgs branch vacuum with σ0 = 0 is modified. Let us see this in the gauge
X2 + X¯2 = X3 + X¯3 = 0. The vacuum of (5.15) is given by
Re (x1) = − 4B1
8An21
− t1
2Qn1
, (5.16)
Im (x3) = − Im (x1)n1
n3
− Im (x2)n2
n3
+
t2
2Qn3
,
with Ba = Q2 (v0 +v3)ω
a
03 and A = 2Q2e2 such that the potential (5.15) reads U = A|xana−
t/(2Q)|2 +Ba(xa + x¯a).
Without fixing the gauge one obtains for the vacuum equations
Re (x1) = − B1
2An21
− Re (x2)n2
n1
− Re (x3)n3
n1
− t1
2Qn1
, (5.17)
Im (x3) = − Im (x1)n1
n3
− Im (x2)n2
n3
+
t2
2Qn3
,
B1n1 = B3n3.
The addition of the non-Abelian contribution (5.14) changes the vacuum by changing the
hyperplane to be xana = t2Q − B12An1 . The condition ω103n1 = ω303n3 needs to be satisfied.
11Additionally note that by going to the Higgs branch, with σ0 = 0, due to the mass hierarchies in the
IR [3] one can integrate v03 and the field strength components do not contribute to the action.
– 30 –
In this vacuum there are two positive eigenvalues and four zero eigenvalues of the Hessian
matrix (0, 0, 0, 0, A,A). The positive eigenvalues represent the growing directions of the
potential. The zero eigenvalues of the Hessian represents the real dimension 4 of the vacuum
space.
λ Eigenvectors
0 (0, 0, 0,−n3n1 , 0, 1)
0 (0, 0, 0,−n2n1 , 1, 0)
0 (−n3n1 , 0, 1, 0, 0, 0)
0 (−n2n1 , 1, 0, 0, 0, 0)
A (0, 0, 0, n1n3 ,
n2
n3
, 1)
A (n1n3 ,
n2
n3
, 1, 0, 0, 0)
Table 1. Eigenvectors and eigenvalues of the Hessian matrix in the critical points of the Higgs
branch. The four zero eigenvalues corresponds to the real dimensions of the vacuum space, directions
in which the potential is flat.
The directions of the eigenvector (n1n3 ,
n2
n3
, 1, 0, 0, 0) corresponds to non zero eigenvalue
A. The infinitesimal transformation in the directions in which the potential grows are given
by
Re (x1)n1 → Re (x1)n1 + δzn1
n3
n1, (5.18)
Re (x2)n2 → Re (x2)n2 + δzn2
n3
n2,
Re (x3)n3 → Re (x3)n3 + δzn3,∑
a
Re (xa)na →
∑
a
Re (xa)na +
1
n3
δz.
One direction corresponding to 0 eigenvalue, the first in Table 1, gives a flat direction.
This transformation preserves the condition (5.16) and is given by
Im (x1)n1 → Im (x1)n1 + (−n3
n1
δy)n1, (5.19)
Im (x3)n3 → Im (x3)n3 + (δy)n3,∑
a
Im (xa)na →
∑
a
Im (xa)na.
Fixing the gauge as in (4.23) the new vacuum is given by the 2 dimensional space:∑
a
xana =
t
2Q
− B1
2An1
, (5.20)
x2 + x¯2 = x3 + x¯3 = 0.
At the quantum level, i.e., the level of the partition function there is in addition the sym-
metry xa → xa + 2piika2naQ , ka ∈ Z coming from the periodicity of t. The classical vacua are
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given by a plane in R3. Taking into account the quantum symmetry the supersymmetric
vacua space is given by a T 2 torus. The value of the potential in the minimum is given by
Umin = (B1(−2B1 +An1Re (t1)))/(8An21). (5.21)
To obtain a supersymmetric minimum is required a zero scalar potential U = 0, this can
be achieved by setting B1 =
An1Re (t1)
2 , i.e. (v0 + v3)ω
1
03 = 2Qe
2n1Re (t1).12
The geometry of the susy vacua space of the non-Abelian dual theory (5.20) and of
the family of Abelian dual theories in (4.56) coincides. This is another indication that
the family of Abelian dualities captures features of the non-Abelian T-Duality. We also
found in this Section that the family of Abelian dualities inside of SU(2) describes really
a subset of the full non-Abelian duality. We obtained a Lagrangian where the coefficient
nˆa determining the vector superfield can variate for example the space-time, giving for
the vector superfield components the dependence Va = |V |(xµ, θα, θ¯α˙)na(xµ). This means
that the scalar potential coincides in both cases. Nevertheless there are kinetic terms
which make the Lagrangians distinct. When we look at the vacuum we considered the nˆa
as constant coefficients, but they appear in the action and make it invariant under local
transformations that are not Abelian. Therefore further investigation should me made
to clarify the connection. If one considers a more general expansion, then an additional
interaction term between U(1) vector superfields of the GLSM and twisted chiral scalars
arise (5.14), that deform this vacuum. The general conclusion is that in this model a family
of Abelian dualities inside the gauged group can capture relevant features of the non-Abelian
T-duality. The two dimensional space obtained as supersymmetric vacuum has the same
definition in both cases, with only a change in the effective t parameter. However the true
comparison should be made after including the instanton corrections. We need to find the
expression for the instanton contributions in the non-Abelian dual theory. It would be
interesting to check if for other groups a family of Abelian dualities also casts important
properties of the non-Abelian duality.
6 Comparison with mirror symmetry and Abelian T-duality
In this Section we analyze different dualities of the CP1 model obtained from a U(1) GLSM
with SU(2) global symmetry, i.e., two chiral superfields with equal charges, which has as
target variety CP1. We first compare the Abelian dualization of the CP1 model leading
to mirror symmetry as done by Hori and Vafa with our dualization procedure. Then we
compare a family of Abelian dual models which is inside the non-Abelian T-duality with
a model obtained by a single U(1) dualization. We have already shown that the family of
Abelian dual models inside SU(2) are more than just Abelian, displaying properties of the
full non-Abelian duality. The mirror theory obtained with two Abelian dualities and the
12 As in footnote (9) one can make a change of variables trying to grasp better the geometry of the one
complex dimensional curve. The change of variables is given by ya = exana , this gives the one complex
dimensional space ya ∈ C, y1y2y3 = e
t
8
− B1
2An1 , |y2| = |y3|2 = 1. The quantum shift symmetry becomes
ya ∼ yae
piika
2Q , ka ∈ Z.
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non-Abelian dualization lead to different geometries. However, a more careful comparison
will have to include the knowledge of the instanton contributions in the non-Abelian dual
theory, we discuss also the steps to investigate this question.
The initial theory is the CP1 model given by a U(1) GLSM with two equally charged
chiral superfields Φ1, Φ2 described in Subsection 4.2, and we want to describe its mirror
model. The Hori-Vafa dualization is performed on the two chiral superfields Φ1, Φ2 to
obtain the twisted chiral superfields Y1 and Y2. These two Abelian dualities lead to a dual
model with a twisted superpotential W (Θ) ∼ Θ + 1/Θ [3]. This superpotential gives rise
to Toda A1 space {z ∈ C∗,W (z) := z+ 1/z}. It is appropriate to integrate the U(1) gauge
field strength in the IR limit since the mass of σ0, the scalar component of Σ0, is high due
to the relation of the coupling and the energy scale e  Λ. The dual model obtained by
Hori-Vafa is given by the Lagrangian
Lmirror = −1
2
∫
dθ4(Y1 + Y¯1) ln(Y1 + Y¯1)− 1
2
∫
dθ4(Y2 + Y¯2) ln(Y2 + Y¯2) (6.1)
+
1
2
∫
dθ˜2Σ0(Y1 + Y2 − t) + 1
2
∫
dθ˜2(e−Y 1 + e−Y2) + h.c.
− 1
2e2
∫
dθ4Σ¯0Σ0.
First, we consider the vacua obtained in the Higgs branch without taking into ac-
count the instanton corrections. Taking into account the Kähler metric components K11¯ =
− 1
2(Y1+Y¯1)
, K22¯ = − 12(Y2+Y¯2) , and the auxiliary fields contribution Kij¯GiG¯j¯ from the kinetic
term the Lagrangian leads to the scalar potential
U = −(G1 +G2)σ0 − (G¯1 + G¯2)σ¯0 − 1
2(y1 + y¯1)
G1G¯1 − 1
2(y2 + y¯2)
G2G¯2
− (y1 + y2 − t)(D − iv03)− (y¯1 + y¯2 − t¯)(D¯ + iv¯03)− 1
2e2
|D − iv03|2. (6.2)
Let us integrate out the auxiliary fields G1, G2 and the field combination D−iv03 to obtain:
Ueff = 2e
2|y1 + y2 − t|2 + |σ0|22(y1 + y2 + y¯1 + y¯2). (6.3)
The solution is given by y1 + y2 − t = 0 and σ0 = 0. This is equivalent to considering
the classical solution and go to the Higgs branch, integrating Σ0, which in the IR limit
develops a large mass. In the case when we only consider the potential for the dynamical
fields in the GLSM, integrating out G1, G2 and the real auxiliary field D one obtains the
potential
U = 2|σ0|2(y1 + y¯1 + y2 + y¯2) + e
2
2
(y1 + y¯1 + y2 + y¯2 − t− t¯)2. (6.4)
This leads to a Higgs branch at σ0 = 0 and Re (y1 + y2) = Re (t) = r. On the other hand
the Coulomb branch appears at Re (y1 + y2) = 0, σ0 = 2e
√
r, which is supersymmetric only
at r = 0, therefore there is no supersymmetric Coulomb branch.
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The interaction terms of v03 with the scalars are added in order to determine the
effective potential:
Ueff,0 = − 1
2e2
(v203 + 2ie
2v03(t− t¯− y1 + y¯1 − y2 + y¯2) (6.5)
− 2e4(−t− t¯+ y1 + y¯1 + y2 + y¯2)2).
In the Higgs branch the Σ field gets a large mass, and integrating it out is equivalent
to integrating out v03 from (6.5) to obtain (6.3). Therefore the condition Y1 + Y2 = t
comes from integrating out Σ0 along the Higgs branch of the theory. The relevant twisted
superpotential of the effective theory is given by W˜ = e−Y1 + e−t+Y1 , or after making the
change of variables Θ = t/2 − Y1, one obtains W˜ = e−t/2(e−Θ + eΘ). This is a Landau-
Ginzburg model with twisted superpotential W˜ , constituting the A1 Toda supersymmetric
field theory. It has two vacua with scalar component of Θ given by φΘ = pii = 2pii, these
can be mapped to the CP1 model.
Let us compare the mirror theory obtained with the Hori-Vafa procedure to the one
obtained by our dualization procedure. This corresponds to the case discussed in Subsection
3.4. We specialize to the case of three chiral superfields, two of them equally charged. After
dualization there will be a total Lagrangian given by:
L2 = Lmirror +
∫
dθ4Φ¯3e
2Q0,3V0Φ3. (6.6)
This is the specialization of Lagrangian (3.32) to the mentioned case. There is an spectator
chiral superfield Φ3 which is uncharged under the gauged symmetry. The scalar potential
of the dual theory is given by
U2 = − [(y1 + y¯1) + (y2 + y¯2)− (t+ t¯)]D − 2Re [σ0(G1 +G2)]− 1
2e2
D2 (6.7)
+ Kij¯GiG¯j¯ − F3F¯3 −Q0,3Dx3x¯3,
with F3 and x3 the auxiliary and scalar component of Φ3 respectively. The scalar potential
(6.7) has a Higgs branch with vevs σ0 = x3 = 0, where the U(1) field can be integrated
out. This leads to the effective potential Ueff = 2e2|t − y1 − y2|2. The resulting effective
theory is obtained by integrating Σ0 and is given by the condition Y1 + Y2 = t and twisted
superpotential W˜ = e−Y1 + e−t+Y1 . This is exactly the mirror symmetric theory obtained
as well from the Hori-Vafa’s procedure discussed before.
The mirror theory of the CP1 model is different from the dual theories considered in
our work. In particular it is different from the family of Abelian dualities inside of SU(2),
because to obtain it the dualization is done along two U(1) directions. Therefore, it is
natural to expect a difference when one compares with the non-Abelian duality. However, a
true comparison with the non-Abelian case requires the non-Abelian instanton corrections.
From the non-Abelian dual theory we know the supersymmetric vacua given in (5.20),
but instanton corrections will change this picture. Hori and Vafa studied the Euclidean
Wick rotated original GLSM finding the instanton solutions in their Subsection 3.2. To
match with the dual theory they study a fermionic two-point function 〈χ+χ¯−〉 with the
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fermion components of the dual field Y in the original and the dual theory. The result
is matched by identifying the e−Y contribution to the twisted superpotential in the dual
theory. To determine the non-Abelian instanton correction to W˜ we would need to study
similar objects in the non-Abelian dual theory. The Ansatz e−Xana obtained for a family
of Abelian dualities is an starting point, but as it was discussed in Section 5 is not the
correct modification since it does not lead to the correct effective U(1) superpotential on
the non-Abelian dual theory.
Next, let us match the family of Abelian dualities inside SU(2) with an U(1) dualization
of the theory. Considering the instanton Ansatz e−Xana the family is given by a constant
twisted superpotential. This should fit with the model obtained by a single U(1) dualization.
We compare the dual model obtained dualizing the U(1) GLSM with two equal charged
chiral superfields (3.9) along an U(1) direction of one of them, with the model of Abelian
duality inside SU(2) presented in Section 4.4 (4.1). The kinetic part of (4.1) can be written
in matrix form as Φ¯TMΦ, where M = e|V |naσa and ΦT = Φ, then it is possible to rotate
the element M into an element generated by σ1 to obtain
eV1σ1 =
(
eV1 + e−V1 eV1 − e−V1
eV1 − e−V1 eV1 + e−V1
)
. (6.8)
This can be seen from formula (B.7). Then the kinetic term in (3.9) can be written as
1
2
(
Φ¯1Φ¯2
)( eV1 + e−V1 eV1 − e−V1
eV1 − e−V1 eV1 + e−V1
)(
Φ1
Φ2
)
= Φ¯′1e
2Q0V0+V1Φ′1 + Φ¯
′
2e
2Q0V0−V1Φ′2, (6.9)
where the prime fields are obtained by diagonalizing the exponential of the vector superfield
matrix to get Φ′1 = (Φ1 + Φ2)/
√
2 and Φ′2 = (Φ2 − Φ1)/
√
2. Since the GLSM has an U(1)
symmetry, we can make a gauge transformation V0 → V0 + V12Q0 which is substituted in (6.9)
to obtain
Φ¯′1e
2Q0V0+2V1Φ′1 + Φ¯
′
2e
2Q0V0Φ′2. (6.10)
Setting the charge Q to 1 this is exactly the kinetic term of the two chiral superfields
GLSM (3.9). Also the Lagrange multiplier term is given by
∫
d4θTr (ΛΣ) =
∫
d4θX1V1.
These observations establish that the gauged theories are equivalent. Now, let us compare
the vacuum of both models. In the model of duality along the direction σ1 in SU(2) the
vacuum is given at x1 = t2Q with constant twisted superpotential W˜ = 2µe
−t/(2Q). On the
dualization of the Abelian symmetry along one chiral superfield the susy vacuum is given
at y = t/Q and the twisted superpotential reads W˜ = e−t/Q. These results are equivalent
after taking into account the correct normalization factors.
The family of Abelian dualities inside of SU(2) leads to a dual model with scalar
potential that coincides with the one of the models with more general vector superfields
(5.7). These duals with more generic vector superfields constitute truly non-Abelian duals.
The extension to more general vector superfields gives rise to extra terms in the Lagrangian
(5.2). In this non-Abelian case one has to still determine the instanton correction to W˜ .
This will be a next step in order to explore the non-Abelian T-duality in GLSMs leading
to determinantal CY varieties and their connection to mirror symmetry.
– 35 –
In this Section we first compared the mirror of the CP1 GLSM obtained with the
Hori-Vafa procedure, to the one obtained by our dualization procedure. We also checked
that non-Abelian T-duality coincides in the limit with Abelian T-duality, by comparing the
resulting Lagrangians and the effective theories. This is an important sanity check and a
necessary step toward testing the duality. With the methods developed we plan to consider
in the future the study of non-Abelian T-dualities in more general examples.
7 Conclusions
We have used the method of gauging a global symmetry in field theories, with subsequent
addition of a Lagrange multiplier enforcing flatness condition and alternative elimination of
fields, to describe T-duality in GLSMs. Tackling the description of T-Duality in GLSMs by
this gauging procedure allows us to obtain a Lagrangian with added Lagrange multipliers
and a vector superfield. Integration of the latter leads to the dual model. The method
applies to GLSMs with multiple U(1)’s and multiple chiral superfields. More importantly
for our goals is that the method admits a generalization to the gauging of non-Abelian
global symmetries, which lead to non-Abelian-T dualities in GLSMs.
Let us emphasize that with respect to the Hori-Vafa dualization procedure our method
has the benefit of being easily generalized for the case of non-Abelian symmetries. Recall
that the Hori-Vafa’s method consists on creating a Lagrangian that upon integration of
certain fields leads to one or the dual model. In the case when the global symmetry is
non-Abelian there is not known systematic way of constructing the analog of Hori-Vafa
master Lagrangian. We have, however, presented a systematic way of generating such
master Lagrangian using the method studied in this manuscript. Our method can also be
applied to GLSMs with non-Abelian gauge groups, as the ones leading to determinantal
CY varieties. To the best of our knowledge, our results constitute the first systematic
formulation of non-Abelian T-duality in (2, 2) gauged linear sigma models.
Considering a U(1) GLSM with n chiral superfields and a generic non-Abelian global
symmetry group we gauged the global symmetry. We obtained the equations of motion
for this generic case. The non-Abelian duality leads to twisted superfields only for certain
cases, constituting an important difference with the Abelian T-duality. For generic groups
the elementary fields in the equations of motion are semi-chiral.
We have analyzed in detail the concrete example of a GLSM with a single U(1) gauge
field and two chiral superfields of equal charges. This theory has a global SU(2) symmetry
which can be gauged. For SU(2) group the fundamental fields of the duality are twisted
chiral superfields. The Kähler potential of the dual theory is obtained in terms of the dual
twisted superfields. First, assuming an Abelian direction inside of the gauged group the
twisted superpotential can be obtained as well. This direction means that we consider a
vector superfield proportional to a linear combination of SU(2) generators with constant
coefficients. This constitutes a family of Abelian dualities which display characteristics of
the full non-Abelian duality, as is supported by the obtained Kähler potential. Furthermore,
for coefficients depending only on a scalar component the scalar potential reduces to the one
of a family of Abelian dualities. This observation implies that the afore mentioned family
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of Abelian dualities is richer than one could have naturally expected since it describes a
truly non-Abelian duality inside of SU(2), even if not the most general one. In a next step
we generalize the dualization to truly non-Abelian T-Duality by imposing a semi-chiralilty
condition on the coefficients of the generator expansion. The supersymmetric vacuum of
this non-Abelian dual model has the same geometry as the supersymmetric vacuum of the
family of Abelian T-dualities previously mentioned. Both vacua definitions differ only by a
constant coming from an interaction term between the gauged fields and the GLSM original
U(1) gauge field. In the IR limit, i.e., considering the Higgs branch when the U(1) field
strength is integrated out, this term contributes to the scalar potential, and therefore to
the supersymmetric vacuum.
We took some steps toward the inclusion of nonperturbative effects. Namely, we pos-
tulated an Ansatz for the twisted-superpotential instanton corrections. In the dual theory
along an Abelian direction of the group (which is a linear combination of the generators) we
verified that the effective action for the U(1) gauge field coincides for the original and the
dual model. These instanton corrections allow to compare the Abelian dual theory family
inside the non-Abelian dual theory with the case of an Abelian T-dual model with a single
U(1) dualization. The result is that they match, i.e., their effective potentials have the
same vacuum and the twisted superpotential can be mapped to each other. For the fully
non-Abelian case however, we do not have the instanton corrections; this is an important
direction that we leave for future investigations.
It is worth pointing out a number of interesting problems that our investigation nat-
urally highlights. With the methods studied here it would be interesting to tackle some
explicit examples of dualities for determinantal CY varieties such as those presented in
[23]. In particular, it seems possible to arrive at a more systematic description of mirror
symmetry in the Pfaffian CYs presented in [24], which were recently realized as GLSMs
[25]. Note that explicit computations of Gromov-Witten invariants for the CY of [23] were
given in [26], providing a concrete framework for testing the non-Abelian T-duality pro-
posed in this manuscript. Given the advances in explicit computation in GLSMs, it would
be interesting to apply the technique of supersymmetric localization to our models in order
to better understand the effects of non-Abelian T-duality.
Finally, we have seen glimpses of new representations, such as the semi-chiral superfield
representation appearing in our construction. It would be useful to achieve a complete
understanding of the possible representations, arguably opening a window into a formulation
of non-Abelian T-duality for generalized geometry.
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A Equations of GLSM non-Abelian T-dualization
Here we present details of the calculations in Subsection 4.1 where we compute the equations
of motion of the integrated vector superfield of the gauged symmetry.
In the following we expand the variations of the Lagrange multiplier terms in the
Lagrangian. The variation with respect to the gauged field V of the Lagrangian term for
the Lagrange multiplier Ψ is given by:
δTr (D¯+Ψe
−VD−eV ) = Tr
(
(χD¯+Ψ + D¯+Ψχ+D−D¯+Ψ)∆V
)
, (A.1)
= Tr ((χD¯+Ψ + D¯+Ψχ+D−D¯+Ψ)Ta)∆Va,
= Tr ((χTbTa − TbχTa + TbTaD−)D¯+Ψb∆Va,
= (Tr (e−VD−eV [Tb, Ta])D¯+Ψb +D−D¯+Ψa/2)∆Va
= (ifabcTr (e
−VD−eV Tc)D¯+Ψb +D−D¯+Ψa/2)∆Va.
The hermitian conjugate term reads:
δTr (D+Ψ¯e
V D¯−e−V ) = Tr
(
(−D¯−e−VD+Ψ¯eV + e−VD+Ψ¯D¯−eV + e−V (D+D¯−Ψ)eV )∆V )
)
,
= Tr (−D¯−e−VD+Ψ¯eV + e−VD+Ψ¯D¯−eV + e−V (D+D¯−Ψ)eV Ta)∆Va,
= (Tr (−eV TaD¯−e−V Tb −D−eV Tae−V Tb)D+Ψ¯b
+ Tr (e−V TbeV Ta)(D+D¯−Ψb)∆Va
= (D¯−Tr (−eV Tae−V Tb)D¯+Ψ¯b + Tr (e−V TbeV Ta)(D+D¯−Ψb)∆Va,
= (D+D¯−Ψb +D+Ψ¯b × D¯−)Tr (eV Tae−V Tb)∆Va. (A.2)
These expressions are valid for any group, and we write them for further reference.
B Formulae for SU(2) group
In this Appendix we present relevant formulae for superfields calculations in the case of
the SU(2) group. We start presenting relations among the generators, formulae for the
exponentials, and expansions for the vector superfields. We also integrate the equations of
motion for the vector superfield (4.16).
For the generators Ta of SU(n) gauge the following identity applies:
TaTb =
1
2n
δab1 +
1
2
(ifabc + dabc)Tc. (B.1)
For the case SU(2) lets us give the specification of (B.1) and another useful formula:
σaσb = δab1 + iabcσc, (B.2)
Tr (σaσbσc) = 2iabc.
The real vector superfield can be written as
V = Vaσa = |V |nˆ · σˆ. (B.3)
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where σa are the Pauli matrices, σˆ = (σ1, σ2, σ3), nˆa = Va/|V | is an unitary vector and
|V | = √VaVa.
Performing the series expansion of the exponential one gets
eV = cosh |V |+ nˆaσa sinh |V |, (B.4)
e−V = cosh |V | − nˆaσa sinh |V |,
D−e±V = ((sinh |V | ± nˆaσa cosh |V |)D−|V | ±D−nˆaσa sinh |V |) ,
D¯−e±V =
(
(sinh |V | ± nˆaσa cosh |V |)D¯−|V | ± D¯−nˆaσa sinh |V |
)
.
Previous equations combine to give
e−VD−eV = nˆ · σˆD−|V |+D−nˆ · σˆ sinh |V | cosh |V | − nˆaD−nˆbσaσb sinh |V |2, (B.5)
= (nˆaD−|V |+D−nˆa sinh |V | cosh |V | − nˆdD−nˆbidba sinh |V |2)σa,
= χaσa.
For the case V = V3σ3 ones has e−VD−eV = D−V3σ3 with Tr e−VD−eV = 0, but
Tr D¯+Ψ(e
−VD−eV ) = D¯+Ψ3D−V3.
There is a particular case easy to treat, this is when V = Vanˆaσa with nˆa independent
of the superspace coordinates or satisfiying the restriction D−nˆa = 0. Then let us consider
V = |V |nˆaσa giving e−VD−eV = D−|V |nˆaσa. For this case Tr ΨΣ = D¯+ΨaD−|V |nˆa. The
explicit form of the exponential eV in this case is
eV =
(
cosh |V |+ n3 sinh |V | (n1 + in2) sinh |V |
(n1 − in2) sinh |V | cosh |V | − n3 sinh |V |
)
. (B.6)
One can then use the relations (4.17) to obtain
Φ1Φ¯2 cosh |V |+ ((n1 + in2)|Φ1|2 − n3Φ1Φ¯2) sinh |V |+ (B.7)
X1 + X¯1 − i(X2 + X¯2)
2e2QV0
= 0.
and
Φ¯1Φ2 cosh |V |+ ((n1 − in2)|Φ2|2 + n3Φ¯1Φ2) sinh |V | (B.8)
+
X1 + X¯1 + i(X2 + X¯2)
2e2QV0
= 0.
Setting n1 = n2 = 0 the only possible solution implies n3 = 0 also. So for the gauge
V1 = V2 = 0 also V3 = 0 is required. On the other hand n3 = 0 implies that |Φ1|2 = |Φ2|2
meaning Φ1Φ2 =
Φ¯2
Φ¯1
. Let us study first the case n3 = 0, in this case by summing up the
equations (B.7) and (B.8) one gets:
(Φ¯1Φ2 + Φ1Φ¯2) cosh |V |+ n3(Φ¯1Φ2 − Φ1Φ¯2) sinh |V | (B.9)
+ 2n1|Φ1|2 sinh |V |+ X1 + X¯1
e2QV0
= 0.
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and by subtracting them:
(Φ¯1Φ2 − Φ1Φ¯2) cosh |V |+ n3(Φ¯1Φ2 + Φ1Φ¯2) sinh |V | (B.10)
− i2n2|Φ1|2 sinh |V |+ iX2 + X¯2
e2QV0
= 0.
For convenience let us rewrite (4.21) as
Φ¯1Φ2 =
Φ2
Φ1
|Φ1|2 = |Φ1|2−(X3 + X¯3)±
√
(X3 + X¯3)2 + ((X1 + X¯1)2 + (X2 + X¯2)2))
(X1 + X¯1 − i(X2 + X¯2))
= |Φ1|2F (Xa, X¯a). (B.11)
The expression for F is given by
F (Xa, X¯a) = −
(
X3 + X¯3 ±
√∑
a(Xa + X¯a)
2
)
(X1 + X¯1 + i(X2 + X¯2))
(X1 + X¯1)2 + (X2 + X¯2)2
,(B.12)
Re F =
F + F¯
2
= −
(
X3 + X¯3 ±
√∑
a(Xa + X¯a)
2
)
(X1 + X¯1)
(X1 + X¯1)2 + (X2 + X¯2)2
,
Im F =
F − F¯
2i
= −
(
X3 + X¯3 ±
√∑
a(Xa + X¯a)
2
)
(X2 + X¯2)
(X1 + X¯1)2 + (X2 + X¯2)2
.
Thus obtaining from (B.9)
(F + F¯ ) cosh |V |+ (2n3(F − F¯ ) + 2n1) sinh |V |+ X1 + X¯1
e2QV0 |Φ1|2 = 0. (B.13)
This is solved in terms of |V | to obtain
|V | = ln
−
X1+X¯1
e2QV0 |Φ1|2 +
√
4n21 − (F + F¯ )2 +
(
X1+X¯1
e2QV0 |Φ1|2
)2
F + F¯ + 2n1
 , (B.14)
= ln
−(X1 + X¯1) +
√
(4n21 − (F + F¯ )2)(e2QV0 |Φ1|2)2 +
(
X1 + X¯1
)2
F + F¯ + 2n1
+(B.15)
− 2QV0 − ln(|Φ1|2).
As well from (B.10) one gets
i2Im F cosh |V |+ (n3(F + F¯ )− i2n2) sinh |V |+ i X2 + X¯2
e2QV0 |Φ1|2 = 0. (B.16)
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This is solved by
|V | = ln
−
X2+X¯2
e2QV0 |Φ1|2 +
√
4n22 − 4Im F 2 +
(
X2+X¯2
e2QV0 |Φ1|2
)2
2Im F − 2n2
 , (B.17)
= ln
−(X2 + X¯2) +
√
(4n22 − 4Im F 2)(e2QV0 |Φ1|2)2 +
(
X2 + X¯2
)2
2Im F − 2n2
+ (B.18)
− 2QV0 − ln(|Φ1|2).
One can equate (B.14) and (B.17) to obtain an expression for (e2QV0 |Φ1|2). This will serve
to finally eliminate the chiral and antichiral superfields Φ1 and Φ¯1 from the action. The
result reads
sinh |V |((n2 + in3/2(F + F¯ ))(X1 + X¯1) + (n1 + n3/2(F − F¯ ))(X2 + X¯2)) (B.19)
− cosh |V |((X1 + X¯1)Im F − (X2 + X¯2)Re F ) = 0.
This relation implies either n1 = n2 = 0, n1 = X1 = 0, n2 = X2 = 0 or X1 = X2 = 0.
The most interesting possibilities seem to be the 2nd and the 3rd. The solution with
V2 = V3 = X2 = 0, V = V1 and |Φ1|2 = |Φ2|2 implies 2(X1 + X¯1)(X3 + X¯3) = 0 which is an
additional restriction on X1 and X3. As well V1 = V3 = X1 = 0, V = V2 and |Φ1|2 = |Φ2|2
implies 2(X2 + X¯2)(X3 + X¯3) = 0 which is an additional restriction on X2 and X3.
A solution for |V | can also be obtained for generic values of n1, n2 and n3 using (B.7)
and (B.8). This is given by
|V | = ln(K(Xi, X¯i, nj))− 2QV0 − ln(|Φ1|2),
The expression K(Xi, X¯i, nj) in the argument of the logarithm is given by:
K = (F¯ − n1 − in2 + F¯ n3)(X1 + X¯1 + i(X2 + X¯2))
2F ((F¯ − 1)n1 − i(F¯ 2 + 1)n2 + 2F¯ n3) (B.20)
+
F (F¯ (n1 − in2) + n3 − 1)(X1 + X¯1 − i(X2 + X¯2)))
2F ((F¯ − 1)n1 − i(F¯ 2 + 1)n2 + 2F¯ n3) .
C Twisted Chiral Expansion
In this Section we compute explicitly some useful expression in components of the (anti-)
twisted chiral superfields used along the paper, that can become handy for working with
twisted chiral superfields. These derivations are based on the procedure for chiral superfields
presented in the book of Wess and Bagger [22].
First, let us recall the expansions of twisted and anti-twisted chiral superfields
Yi = yi +
√
2θ+χ¯+ +
√
2θ¯−χ− + 2θ+θ¯−Gi + ..., (C.1)
Y¯i = y¯i +
√
2χ+θ¯
+ +
√
2χ¯−θ− + 2θ−θ¯+G¯i + ... (C.2)
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In previous formulae yi, χ−, χ¯+, Gi represent the scalar, fermionic and auxiliary components
of the twisted chiral superfield Yi. Their conjugates are the components of the (anti-) chiral
superfield Y¯i. Consider a function K representing the Kähler potential that depends on
twisted chiral and anti-twisted chiral fields Yi and Y¯i, where i runs from 1, . . . , n. Now,
assuming that K(Y1, . . . Yn, Y¯1, . . . , Y¯n) can be Taylor expanded, we compute a generic term
of the expansion namely,
Yi1 · · ·YiN Y¯j1 · · · Y¯jM . (C.3)
Since this generic term can be regarded as the product of the monomial Yi1 · · ·YiN and
Y¯j1 · · · Y¯jM , thus let us Taylor expand the functions P (Yi1 · · ·YiN ) and P¯ (Y¯j1 · · · Y¯jM ) to
obtain
P (Yi1 · · ·YiN ) = P (y) +
√
2θ+χ¯+ i
∂P (y)
∂yi
+ θ+θ¯−
[
Gi
∂P (y)
∂yi
− 1
2
χ¯+ iχ− j
∂2P (y)
∂yi∂yj
]
,(C.4)
P¯ (Y¯j1 · · · Y¯jM ) = P¯ (y¯) +
√
2χ+ iθ¯
+∂P¯ (y¯)
∂y¯i
+ θ−θ¯+
[
G¯i
∂P¯ (y¯)
∂y¯i
− 1
2
χ¯+ iχ− j
∂2P¯ (y¯)
∂y¯i∂y¯j
]
,
where y = (yi1 , . . . , yiN ). We can use this expressions since K can be regarded as products
Y ’s and Y¯ ’s
P (Y )P (Y¯ ) = PP¯ + 2θ−χ+ j θ¯+
∂
∂y¯j
PP¯ + θ−θ¯+
[
G¯i
∂
∂y¯j
PP¯ − 1
2
χ+ iχ¯− j
∂2
∂y¯i∂y¯j
PP¯
]
+
√
2θ+χ¯+i
∂
∂yi
PP¯ + 2θ+θ¯+χ¯+ iχ+ j
∂2
∂yi∂y¯j
PP¯ (C.5)
+
√
2θ+θ−θ¯+χ+ i
[
G¯j
∂2
∂yi∂y¯j
− 1
2
χ+ jχ¯k
∂3
∂yi∂y¯j∂y¯k
]
PP¯
+θ+θ¯−
[
Gi
∂
∂y¯i
− 1
2
χ¯+ iχ− j
∂2
∂y¯i∂y¯j
]
PP¯
−
√
2θ¯+θ+θ¯−χ+k
[
Gi
∂2
∂yi∂y¯k
− 1
2
χ¯+ iχ− j
∂3
∂yi∂yj∂y¯k
]
PP¯
+θ+θ¯−θ−θ¯+
[
GjG¯i
∂2
∂y¯i∂yj
− 1
2
Giχ+ jχ¯−k
∂3
∂yi∂y¯j∂y¯k
− 1
2
G¯kχ¯+ jχ− j
∂3
∂yi∂y¯j∂yk
+
1
4
χ¯+ iχ− jχ+ kχ¯− `
∂4
∂yi∂yj∂y¯k∂y¯`
]
PP¯
The contribution to the Lagrangian is the term proportional to θθθ¯θ¯, which is easily
computed in (C.3) with the aid of the previous expression setting P = Yi1 · · ·YiN and
P¯ = Y¯j1 · · · Y¯jM , without including fermionic terms we get
Yi1 · · ·YiN Y¯j1 · · · Y¯jM = · · ·+ 4θ+θ¯−θ−θ¯+
[
GiG¯i¯
∂
∂yi
(yi1 · · · yiN )
∂
∂y¯i
(y¯i¯1 · · · y¯i¯N )
]
= · · ·+ 4θ+θ¯−θ−θ¯+
[
GiG¯i¯
∂2
∂yi∂y¯i
(yi1 · · · yiN y¯i¯1 · · · y¯i¯N )
]
, (C.6)
hence the θθθ¯θ¯ term of K(Yi1 , . . . , Yin , Y¯j1 , . . . , Y¯jn) is the sum over all the monomials (with
their respective constants of the power expansion) of the form (C.6). Thus the Kähler
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potential contribution reads
K(Yi1 , . . . , Yin , Y¯j1 , . . . , Y¯jn) = · · ·+ 4θ+θ¯−θ−θ¯+
[
GiG¯j¯
∂2
∂yi∂y¯j
K(y1, . . . , yi1 , y¯1¯, . . . , y¯i¯n)
]
= · · ·+ 4θ+θ¯−θ−θ¯+GiG¯j¯Kij¯ . (C.7)
In general if P = yi1 · · · yiN and P¯ = y¯j1 · · · y¯jM , summing over all the terms of the expansion
of the Kähler potential together with the following results of Kähler geometry
Kij¯ =
∂
∂yi∂j¯
K, (C.8)
Kij¯ ,k =
∂
∂yk
Kij¯ = K`j¯Γ
¯`
ik, (C.9)
Kij¯ ,k¯ =
∂
∂y¯k
Kij¯ = Ki¯`Γ
¯`
j¯k¯, (C.10)
we can express (C.6) as:
K(Y, Y¯ ) = K − 2θ−θ¯+χ+ j ∂
∂y¯j
K + θ−θ¯+
[
G¯i
∂
∂y¯j
K − 1
2
χ+ iχ¯− jKi¯j¯
]
(C.11)
+
√
2θ+χ¯+i
∂
∂yi
K + 2θ+θ¯+χ¯+ iχ+ j
∂2
∂y¯i∂y¯j
K
+
√
2θ+θ−θ¯+χ+ i
[
G¯jKij¯ −
1
2
χ+ jχ¯kKi`Γ
`
j¯k¯
]
+ θ+θ¯−
[
Gi
∂
∂y¯i
K − 1
2
χ¯+ iχ− j
∂2
∂y¯i∂y¯j
K
]
−
√
2θ¯+θ+θ¯−χ+ k
[
GiKik¯ −
1
2
χ¯+ iχ− jKj ¯`Γ
¯`
k¯i
]
+ θ+θ¯−θ−θ¯+
[
GjG¯iKij¯ −
1
2
Giχ+ jχ¯−kKi¯`Γ
¯`
j¯k¯ −
1
2
G¯kχ¯+ jχ− jKj ¯`Γ
¯`
k¯i
+
1
4
χ¯+ iχ− jχ+ kχ¯− `Kjk¯, i¯`
]
.
D Dualization along σ3, vector superfield: |V | = V3
In this Appendix we discuss the dualization along a particular direction of the SU(2) global
symmetry, this is the direction along the σ3 generator. This case was not considered in the
main text because it has the particularity that solving the equations of motion for the vector
superfield in terms of the twisted chiral superfields one encounters the condition V3 = 0.
Nevertheless, one can write the dual model Lagrangian, and compare the suspersymmetric
vacuum with the one obtained in the case of Abelian duality.
Let us consider that the eV components fullfill eV12 = eV21 = 0. This is to choose a
direction along σ3, which constitutes a reduction to an Abelian model. For this case
eV = eV3σ3 =
(
e−V3 0
0 eV3
)
, |V | = V3, n3 = 1. (D.1)
– 44 –
The two following relations coming from the equation of motion for V (4.16) hold
e2QV0Φ¯1e
V
11Φ1 = (X1 + X¯1 − i(X2 + X¯2))
Φ1
2Φ2
, (D.2)
e2QV0Φ¯2e
V
22Φ2 = (X1 + X¯1 + i(X2 + X¯2))
Φ2
2Φ1
.
These imply
e2QV0eV11 = (X1 + X¯1 − i(X2 + X¯2))
1
2Φ2Φ¯1
, (D.3)
e2QV0eV22 = (X1 + X¯1 + i(X2 + X¯2))
1
2Φ1Φ¯2
.
which is a bit problematic because in this case eV11 = 1/eV22. Let us look at the other term
in the Lagrangian
Tr (ΨΣ) = −1
2
D¯+Ψ3D−V3 = −1
2
(−D−(D¯+Ψ3V3) +X3V3) = −1
2
X3V3, (D.4)
from this term a twisted superpotential is generated.
On the other hand from (D.3) we obtain
eV11 = e
−V3 =
(−(X1 + X¯1)− i(X2 + X¯2))
2Φ¯1Φ2e2QV0
, (D.5)
V3 = − ln (−(X1 + X¯1)− i(X2 + X¯2))
2Φ¯1Φ2e2QV0
,
= − ln −(X1 + X¯1)
2 − (X2 + X¯2)2
−(X3 + X¯3)2 ±
√∑
a(Xa + X¯a)
2
+ ln(2Φ¯1Φ1) + 2QV0.
There is an apparent problem, which is that using the component eV22 expression in (4.17)
one gets a result for V3 which implies that V3 = −V3 → V3 = 0. 13 As however V0 6= 0 and
ln(2|Φ1|2) 6= 0 one can write the dual model. The dual model is given by the Lagrangian
Ldual =
∫
d4θ
√
(X1 + X¯1)2 + (X2 + X¯2)2 + (X3 + X¯3)2 + (D.6)
+
1
2
∫
d4θX3 ln
(X3 + X¯3)
2 ±
√∑
a(Xa + X¯a)
2
(X1 + X¯1)2 + (X2 + X¯2)2
+ c.c.
+ 2Q
∫
dθ¯−dθ+
(
X3 − t
4
)
Σ0 + 2Q
∫
dθ¯+dθ−
(
X¯3 − t¯
4
)
Σ¯0 −
∫
d4θ
1
2e2
Σ¯0Σ0.
Let us briefly discuss that the dualization along σ3 can be mapped to an Abelian
dualization along the phase of one chiral superfield as the one discussed in Subsection 3.3
13This observation can be connected with the fact that in the WZ gauge one has for the Lagrange
multiplier term:
∫
d4θTr((χτ+τχ+D−τ)σ3)=
∫
d4θTr((χτ+τχ+D−D¯+Ψ)σ3)=
∫
d4θTr((χτ+τχ)σ3) = 0.
As well writing explicitly (4.14) as e2QV0Φ¯ieVijΦj =−e2QV0 2Φ¯1Φ2eV21 −
eV22(D−D¯+Ψ1+iD−D¯+Ψ2+c.c.)
eV21
−D−D¯+Ψ3+
c.c, the last term will drop when integrating over d4θ.
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and in Section 6. in the main text this discussion is done for the direction σ1 which is the
one analyzed systematically. The kinetic part of (4.1) can be written in matrix form as
Φ¯TMΦ, where M = e|V |naσa and ΦT = Φ. It is possible to rotate the element M into an
element generated by σ3 to obtain
e|V |σ3 =
(
e|V | 0
0 e−|V |
)
. (D.7)
Then the kinetic term in (4.1) can be written as
Lkin = Φ¯1e
2Q0V0+|V |Φ1 + Φ¯2e2Q0V0−|V |Φ2. (D.8)
Since the GLSM has an U(1) symmetry, we make a gauge transformation V0 → V0 + |V |2Q0
which is substituted in (D.8) to obtain
Lkin = Φ¯1e
2Q0V0+2|V |Φ1 + Φ¯2e2Q0V0Φ2 , (D.9)
setting the charge Q to 1 this is exactly the kinetic term of the two chiral superfields GLSM
(3.9).
E Notation and identities
Here we give a short resume of many of the conventions for the supersymmetry calculations
performed in the paper.
The sigma matrices, constituting SU(2) generators are given by:
σ0 =
(
−1 0
0 −1
)
, σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
.
Spinor indices are raised and lowered via the Levi-Civita tensor [22]:
ψα = αβψβ, ψα = αβψ
β. (E.1)
Under this transformation the superspace coordinates are related via θ+ = θ− and θ− =
−θ+. The conjugation of spinor products is performed via [22]:
(χψ)† = (χαψα)† = ψ¯α˙χ¯α˙ = ψ¯χ¯ = χ¯ψ¯. (E.2)
The following identities are of use in the derivations presented in Section 5. First we
write some relations needed to reduce a component of the vector superfield i.e. the gauge
field in (5.6):
θσmθ¯vm = (v3(y)− v0(y))θ+θ¯+ + (v1(y)− iv2(y))θ−θ¯+ (E.3)
+ (v1(y) + iv2)θ
+θ¯− − (v3(y) + v0(y))θ−θ¯−,
(θσmθ¯vm)
† = (v3(y¯)− v0(y¯))θ+θ¯+ + (v1(y¯)− iv2(y¯))θ−θ¯+ (E.4)
+ (v1(y¯) + iv2(y¯))θ
+θ¯− − (v3(y¯) + v0(y¯))θ−θ¯−,
θχ = θαχα = θ
+χ+ + θ
−χ−, (E.5)
θ¯χ¯ = θ¯α˙χ¯
α˙ = −θ¯+χ¯+ − θ¯−χ¯−. (E.6)
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Then we write the reduction of the fermionic components λ, λ¯ of the vector superfield:
iθ2θ¯λ¯(x) = iθαθαθ¯α˙λ¯
α˙, (E.7)
= 2iθ+θ−(θ¯−λ¯+ − θ¯+λ¯−),
−iθ¯2θλ(x) = −iθ¯α˙θ¯α˙θαλα, (E.8)
= 2iθ¯+θ¯−(θ+λ− − θ−λ+).
The integrations in superspace of the Kähler potential and the twisted superpotential
are given by the conventions [3]:∫
d4θK =
1
4
∫
dθ+dθ−dθ¯−dθ¯+K,
1
2
∫
d2θ˜W˜ =
1
2
∫
dθ¯−dθ+W˜ ,
1
2
∫
d2θ˜W˜ =
1
2
∫
dθ¯+dθ−W˜ ,
(E.9)
In the notation from [16] one gets the following expression for the twisted chiral field
strength:
Σ =
1√
2
D¯+D−V = σ − i
√
2θ+λ¯+ − i
√
2θ¯−λ− +
√
2θ+θ¯−(D − iv03) (E.10)
− iθ¯−θ−(∂1 − ∂0)σ − iθ+θ¯+(∂0 + ∂1)σ +
√
2θ¯−θ+θ−(∂0 − ∂1)λ¯+
+
√
2θ+θ¯−θ¯+(∂0 + ∂1)λ− − θ+θ¯−θ−θ¯+(∂20 − ∂21)σ.
These formulas are useful for most of the superfield calculations performed in the main text.
F An SU(2) scalar example, dualizing along σ3 direction
The aim of this Appendix is to work out explicitly another example of gauging a global
symmetry on a gauge theory. We consider two complex scalar fields φ1 and φ2 charged with
identical charge under an U(1) gauge group with field Aˆµ and the charge of both been qˆ.
This theory has an SU(2) global symmetry.
Let us make a dualization of this symmetry only under the σ3 generator direction. This
is equivalent to having the two complex scalar fields of the doublet charged with opposite
charges under another U(1), and to dualize in that direction. The corresponding covariant
derivatives act on the fields as
Dµφ1 = (Dˆµ + iqAµ)φ1, Dµφ2 = (Dˆµ − iqAµ)φ2. (F.1)
Both fields have the same charge under the initial U(1) gauge so that Dˆµ = ∂µ+ iqˆAˆµ. The
Lagrangian once the extra U(1) symmetry has been gauged is given by
L0 = (Dµφ1)
†Dµφ1 + (Dµφ2)†Dµφ2 + λ(∂0A1 − ∂1A0). (F.2)
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To obtain the dual model we integrate (F.2) with respect to Aµ to obtain
Aµ =
∂ρλ
ρµ − iq((Dˆµφ2)φ∗2 − (Dˆµφ2)∗φ2 − (Dˆµφ1)φ∗1 + (Dˆµφ1)∗φ1)
2q2|φ|2 . (F.3)
Substituting the equation (F.3) in (F.2) one obtains
L = (Dˆµφ1)
†Dˆµφ1 + (Dˆµφ2)†Dˆµφ2 − q2AµAµ|φ|2. (F.4)
The term −q2A20|φ|2 will give
−q2A20|φ|2 = −
(∂1λ)
2
4q2|φ|2 +
(Dˆ0φ2φ
∗
2 − Dˆ0φ1φ∗1 − h.c.)2
4|φ|2 −
i∂1λ(Dˆ
0φ2φ
∗
2 − Dˆ0φ1φ∗1 − h.c.)
2q|φ|2 .
The term q2A21|φ|2 will give
q2A21|φ|2 =
(∂0λ)
2
4q2|φ|2 −
(Dˆ1φ2φ
∗
2 − Dˆ1φ1φ∗1 − h.c.)2
4|φ|2 −
i∂0λ(Dˆ
1φ2φ
∗
2 − Dˆ1φ1φ∗1 − h.c.)
2q|φ|2 .
Such that:
−q2AµAµ|φ|2 = ∂µλ∂
µλ
4q2|φ|2 −
i∂µλµρ(Dˆ
ρφ2φ
∗
2 − Dˆρφ1φ∗1 − h.c.)
2q|φ|2 (F.5)
+
(Dˆµφ2φ
∗
2 − Dˆµφ1φ∗1 − h.c.)2
4|φ|2 .
The two gauge U(1) transformations can be used to fix the components ρ = 0, 1 of
Dˆρφ1φ
∗
1 to be real leading to the Lagrangian
L1 = (Dˆµφ1)
†Dˆµφ1 + (Dˆµφ2)†Dˆµφ2 +
∂µλ∂
µλ
4q2|φ|2 −
i∂µλµρ(Dˆ
ρφ2φ
∗
2 − h.c.)
2q|φ|2 (F.6)
+
(Dˆµφ2φ
∗
2 − h.c.)2
4|φ|2 .
Let us write explicitly φ1 = r1eiθ1 to obtain that
(Dˆµφ1)
†Dˆµφ1 = (∂µr1)2 + r21(∂µθ1 + Aˆµ)
2.
Results of (F.5) can be used to analyze two other simpler cases:
1. When we keep only one scalar field φ1 and no gauge field such that Dˆµ = ∂µ, the
gauge symmetry can be used to eliminate the phase of φ1 leaving the Lagrangian
L1 = ∂µφ1∂
µφ1 +
(∂0λ)
2
4q2|φ|2 , (F.7)
with φ1 = φ∗1 and λ the dual component.
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2. When we keep the two scalar fields φ1 and no gauge field, the gauged symmetry can
be used to eliminate one phase. Choosing the one of φ1 one obtains the Lagrangian
L1 = ∂µφ1∂
µφ1 + ∂µφ
∗
2∂
µφ2 +
(∂0λ)
2
4q2|φ|2 −
i∂µλµρ(∂ˆ
ρφ2φ
∗
2 − h.c.)
2q|φ|2 (F.8)
+
(∂µφ2φ
∗
2 − h.c.)2
4|φ|2 .
with φ1 = φ∗1 and λ the dual component.
In this Appendix we have presented the main elements of a non-Abelian SU(2) duality
which renders the scalar part of a GLSM dualization along σ3 direction. Further
analysis of this connection will be presented elsewhere.
References
[1] D. R. Morrison and M. R. Plesser, “Towards mirror symmetry as duality for two-dimensional
abelian gauge theories,” Nucl. Phys. Proc. Suppl. 46 (1996) 177–186, hep-th/9508107.
[2] A. Strominger, S.-T. Yau, and E. Zaslow, “Mirror symmetry is T duality,” Nucl. Phys. B479
(1996) 243–259, hep-th/9606040.
[3] K. Hori and C. Vafa, “Mirror symmetry,” hep-th/0002222.
[4] K. Hori, S. Katz, A. Klemm, R. Pandharipande, R. Thomas, C. Vafa, R. Vakil, and
E. Zaslow, Mirror symmetry, vol. 1 of Clay mathematics monographs. AMS, Providence,
USA, 2003.
[5] A. Giveon, M. Porrati, and E. Rabinovici, “Target space duality in string theory,” Phys.
Rept. 244 (1994) 77–202, hep-th/9401139.
[6] X. C. de la Ossa and F. Quevedo, “Duality symmetries from nonAbelian isometries in string
theory,” Nucl. Phys. B403 (1993) 377–394, hep-th/9210021.
[7] K. Sfetsos and D. C. Thompson, “On non-abelian T-dual geometries with Ramond fluxes,”
Nucl. Phys. B846 (2011) 21–42, 1012.1320.
[8] Y. Lozano, E. O Colgain, K. Sfetsos, and D. C. Thompson, “Non-abelian T-duality, Ramond
Fields and Coset Geometries,” JHEP 06 (2011) 106, 1104.5196.
[9] G. Itsios, Y. Lozano, J. Montero, and C. Nunez, “The AdS5 non-Abelian T-dual of
Klebanov-Witten as a N = 1 linear quiver from M5-branes,” 1705.09661.
[10] J. van Gorsel and S. Zacarias, “A Type IIB Matrix Model via non-Abelian T-dualities,”
1711.03419.
[11] K. Hori and D. Tong, “Aspects of Non-Abelian Gauge Dynamics in Two-Dimensional
N=(2,2) Theories,” JHEP 05 (2007) 079, hep-th/0609032.
[12] A. Caldararu, J. Distler, S. Hellerman, T. Pantev, and E. Sharpe, “Non-birational twisted
derived equivalences in abelian GLSMs,” Commun. Math. Phys. 294 (2010) 605–645,
0709.3855.
[13] K. Hori, “Duality In Two-Dimensional (2,2) Supersymmetric Non-Abelian Gauge Theories,”
JHEP 10 (2013) 121, 1104.2853.
– 49 –
[14] H. Jockers, V. Kumar, J. M. Lapan, D. R. Morrison, and M. Romo, “Nonabelian 2D Gauge
Theories for Determinantal Calabi-Yau Varieties,” JHEP 11 (2012) 166, 1205.3192.
[15] S. J. Gates, M. T. Grisaru, M. Rocek, and W. Siegel, “Superspace Or One Thousand and
One Lessons in Supersymmetry,” Front. Phys. 58 (1983) 1–548, hep-th/0108200.
[16] E. Witten, “Phases of N=2 theories in two-dimensions,” Nucl.Phys. B403 (1993) 159–222,
hep-th/9301042.
[17] J. Bogaerts, A. Sevrin, S. van der Loo, and S. Van Gils, “Properties of semichiral
superfields,” Nucl. Phys. B562 (1999) 277–290, hep-th/9905141.
[18] S. J. Gates, Jr. and W. Merrell, “D=2 N=(2,2) Semi Chiral Vector Multiplet,” JHEP 10
(2007) 035, 0705.3207.
[19] S. J. Gates, C. Hull, and M. Rocek, “Twisted multiplets and new supersymmetric non-linear
sigma models,” Nucl. Phys. B 248 (1984) 157–186.
[20] A. Giveon and M. Rocek, “On nonAbelian duality,” Nucl. Phys. B421 (1994) 173–190,
hep-th/9308154.
[21] M. Rocek and E. P. Verlinde, “Duality, quotients, and currents,” Nucl. Phys. B373 (1992)
630–646, hep-th/9110053.
[22] J. Wess and J. Bagger, Supesymmetry and Supergravity. Princeton Series in Physics.
Princeton University Press, Princeton, USA, 1992.
[23] E. A. Rødland, “The pfaffian calabiâĂŞyau, its mirror, and their link to the grassmannian
g(2, 7),” Compositio Mathematica 122 (Jun, 2000) 135âĂŞ149.
[24] A. Kanazawa, “Pfaffian Calabi-Yau threefolds and mirror symmetry,” Commun. Num.
Theor. Phys. 6 (2012) 661–696.
[25] A. Caldararu, J. Knapp, and E. Sharpe, “GLSM realizations of maps and intersections of
Grassmannians and Pfaffians,” 1711.00047.
[26] S. Hosono and Y. Konishi, “Higher genus Gromov-Witten invariants of the Grassmannian,
and the Pfaffian Calabi-Yau threefolds,” Adv. Theor. Math. Phys. 13 (2009), no. 2 463–495,
0704.2928.
– 50 –
